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Abstract

In this thesis, investment and R&D projects are studied using real options mod-

elling, based partly on the Bellman model (1957), which is well suited for evaluating

projects with non-tradable underlying assets. Much of the previous literature has

evaluated projects as perpetual options, using time-independent equations derived

from the Bellman model (1957), with clear limitations in treatment of projects with

different expiry dates. This thesis develops modified models, which are fully time-

dependent, to value investment and R&D projects, and also analyses competition in a

two-firm competition framework. A hazard rate (Lambrecht and Perraudin (2003)) is

employed to measure the threat of preemption from the rival in competition. More-

over, abandonment is taken into consideration as an option when R&D projects

encounter a bad investment environment. This thesis demonstrates the advantages

of using models incorporating full time variation.
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Chapter 1

Introduction

Much effort has focused on valuations of different types of investment. During

the past thirty years, there has been a growing realisation that option pricing theory

(developed for other areas of finance) is an appropriate, even essential tool for the

valuation of investment projects where decisions can deferred, modified or undone

later. Examples of such investment projects include

production manufacturing:

• Nembhard, Shi and Park (2000), Bengtsson and Olhager (2002), Keppo and Lu

(2003) and Odening, Muβhoff and Balmann (2005);

natural resource exploitation:

• Brennan and Schwartz (1985), Paddock, Siegel and Smith (1988), Trigeorgis

(1996) and Cortazar and Urzua (2006).

research and development (R&D) to find new drugs:

• Grabowski and Vernon (1990), Grabowski and Vernon (1994), Cockburn and

Henderson (1994), Myers and Howe (1997), Brach and Paxson (2001), Loch and

Bode-Greuel (2001), Miltersen and Schwartz (2002), Jacob and Kwak (2003),

Schwartz (2004) and Cassimon, Engelen, Thomassen and Van Wouwe (2004);

exploiting renewable energy sources:

• Davis and Owens (2003) and Siddiqui, Marnay and Wiser (2006);

and developing new technologies and innovations:

19



CHAPTER 1. INTRODUCTION 20

• Fudenberg, Gilbert, Stiglitz and Tirole (1983), Pakes (1986), Gruver (1991),

Pennings and Lint (1997), Lint and Pennings (1998), Ottoo (1998), Takalo and

Kanniainen (2000), Schwartz and Zozaya-Gorostiza (2000), Gans and Stern

(2000), Lint and Pennings (2001), Choi (2002), Gersbach and Schmutzler (2003),

Isik, Coble, Hudson and House (2003) and Ishibashi and Matsumura (2005).

Some of the techniques employed in option pricing theory can be linked to the

Bellman model (Bellman (1957)), which is particularly useful in measuring outcomes

involving uncertainty. In this thesis, valuations are categorised as single-stage in-

vestments and multiple stage investments and according to whether the investment

involves a currently existing asset (a standard real option investment), or one not

yet in existence; in particular, the business which might arise from an R&D project,

should it prove successful (Newton and Pearson (1994)). Competition between mar-

ket players can also affect valuations and will be considered in this thesis.

It is worth mentioning that there is a tendency in the literature, especially in

work directed towards economics rather than finance, to focus on time-independent

(ordinary) differential equations. The justification for this is often given in terms of

tractability and sometimes in terms of implied economic clarity. However, one of the

objectives of this thesis is to illustrate the inadequacy of this approach (beyond the

initial demonstrative work of one or two decades ago) and to develop more sophisti-

cated fully time-dependent partial differential equations from the existing models for

these investments. Another important goal of this thesis is to analyse competition ex-

haustively for two distinct investment projects in a two-firm competition framework,

which includes a single-stage real option investment project and a multiple-stage

R&D investment project.

In order to calculate the time-dependent equations accurately and efficiently, two

robust and efficient numerical methods, the QUAD method (Andricopoulos, Newton,

Duck and Widdicks (2003) and (2004)) and the Crank-Nicolson method (Crank and

Nicolson (1947)) combined with the Projected Successive Over Relaxation (PSOR)

method are employed, as discussed in Chapter 3. For simple systems (e.g. in Chapter

4), the QUAD method is used, since it is faster and more accurate, and the technique

is already developed for the requisite equations; for more complicated systems (e.g
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in Chapters 5 and 6), the slower but more robust Crank-Nicolson/PSOR method is

employed.

The remainder of this chapter is organised as follows. Section 1.1 reviews the

background of the valuation models and significant contributions for the valuations

of investments; section 1.2 lists the objectives of this thesis; finally, section 1.3 details

the structure of the following chapters in the thesis.

1.1 Background

In this thesis, the valuations of investments are based partly on the Bellman

model, which is a dynamic programming model. This model was originally developed

by Bellman (1957) for solving optimal control problems (also known as Markovian

decision processes), which describe the problems of designing controllers to minimise

a measure of a dynamical system’s behaviour over time. The Bellman model is

also a standard tool in economic analysis and operations research, and is useful in

treating investment uncertainties (Dixit and Pindyck (1994)). The Bellman model

is broadly considered as the only feasible way of solving general stochastic optimal

control problems, and has been widely used to evaluate the values of investments

and optimal investment time in finance and economics. Much effort has focused on

improving this model in different investment environments.

In the original Bellman model (1957), the net present value (NPV), Vt(St), of an

investment at time t and current cash flow St was the sum of the maximum value of

two components: the investor’s immediate payoff πt(St, ut) and the discounted value

of the continuation profit over the next time period t + 1, thus

Vt(St) = max
ut

(
πt(St, ut) +

1

1 + r
Et [Vt+1(St+1)]

)
, (1.1)

where ut is a binary control variable which has value 1 representing investing and

value 0 representing mothballing the investment at time t, and r is the discount rate.

In continuous time, since no cash flows can be generated until the time the investment

is undertaken, the only return for the NPV is the discounted expected value from the

next time period (Dixit and Pindyck (1994)). Thus, we have the Bellman model in
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continuous time

rV (S, t)dt = E[dV ], (1.2)

where dt is a short time period and S follows geometric Brownian motion

dS = µSdt + σSdZ, (1.3)

where σ is volatility and µ is the drift rate. The Bellman model in continuous time

is the basic model for the valuations on investments in this thesis.

An important contribution in the investment valuation literature was McDonald

and Siegel (1986). This paper developed a financial model for the optimal timing of

investment, which has been described as one of the most fundamental continuous-time

models of irreversible investments (Dixit and Pindyck (1994)), to evaluate investment

opportunities and investment timing. In this model, a single firm, which invests in a

monopoly environment, will choose not to invest until the investment project value

reaches a critical value that exceeds the cost of the investment.

Since then, much research has been undertaken on this model to evaluate differ-

ent types of investments. Significant amongst the researchers in this area are Dixit

and Pindyck (1994), who developed the model and theory of McDonald and Siegel

(1986) and extended these into different classes of real option investments. Dixit and

Pindyck (1994) defined the critical value as the trigger value that determines the

optimal investment time. Moreover, since the underlying assets of the investments

are not tradeable, Dixit and Pindyck (1994) used the Bellman model, rather than the

classical Black-Scholes model (1973). The Black-Scholes model constructs a portfolio

consisting of an option and a number −∂V/∂S of the underlying asset, whereas the

Bellman model (1.2) does not hedge the underlying assets in the valuation of the

investment projects. However, and significantly, Dixit and Pindyck (1994) ignored

time variation, regarding investment projects as perpetual options, resulting in the

Bellman equation in the form

1

2
σ2S2d2V

dS2
+ µS

dV

dS
− rV = 0. (1.4)

The Bellman model is the foundation stone for investment valuations. Berk,
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Green and Naik (2004) developed this model on a multiple stage R&D investment

project. In their model, they incorporate four different sources of risk in determining

the project value and the optimal investment time, including technical risk, which

determines the success of completing the research and development for a single stage.

They employed a Hamilton-Bellman-Jacobi (HBJ) equation to evaluate the project

value and make decisions on whether to continue investing, postpone the project or

abandon the project and never resume, as follows

1

2
S2σ2 ∂2

∂S2
V n + µ̂S

∂

∂S
V n − r̂V n

+ sup
u∈{0,1}

{
u

[
π(n, t)

(
V n+1 − V n

)
+

∂

∂t
V n − a− bS

]}
= 0.

(1.5)

This is a particular extension of the Bellman equation obtained from a re-formulation

of an equation arising in classical mechanics as developed by Hamilton (1833). In

this equation, u is also a control variable, that again has value 0 (representing moth-

balling) and value 1 (representing investing). In the waiting phase, the HBJ equation

becomes a straightforward Bellman equation (equation (1.4)), but in the investing

phase, the HBJ equation takes the technical uncertainty π, value from the next stage

V n+1, time variation t and investment cost I = a + bS into account, where a and b

are parameters related to the constant and variable components (respectively) of the

investment cost (Berk et al. (2004)).

The differences between the HBJ equation and the Bellman equation are threefold.

First, since the HBJ equation is designed for evaluating a multiple stage project,

then the value from the next time interval is taken into account as a factor affecting

the current value in this equation; second, for the valuation of an R&D project, the

technical uncertainty which measures the success of completing a single stage is added

into the HBJ equation; and finally, the investment cost is also included in the HBJ

equation, where in the Bellman equation it is used in the final condition. However,

Berk et al. (2004) also used a time independent equation, which arises from the HBJ

equation (u = 0), for evaluating the phase of postponing the investment (and thus

time is only treated implicitly in this regime).

It is important to point out that the trigger value, which was defined by Dixit
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and Pindyck (1994), can also be regarded as the key factor in controlling invest-

ments. Based on the characteristics of the trigger value, Dixit and Pindyck (1994)

briefly introduced competition in a duopoly; they defined a leader and follower as the

winner and loser of the competition respectively, and then gave analytical solutions

respectively for the leader and follower.

Lambrecht and Perraudin (2003) implemented and developed the Bellman model

in a competition framework with two or more firms. They introduced a hazard rate,

which measures the fear of preemption from the rivals by the firm that wishes to

be the leader and invest first. Then the competition framework is based on the

assumption that there exists only one leader in the competition, and the losers,

defined as the followers, must enter the investment after the leader enters. Garlappi

(2004) developed a two-firm competition framework into a multi-stage R&D project,

which also used the notions of leader and follower in competition, but treated them

interactively with modified HBJ equations. However, the analytical solutions given

by Dixit and Pindyck (1994), Lambrecht and Perraudin (2003) and Garlappi (2004)

were all based on equations with no time variation.

1.2 Objectives

The main objective of this thesis is to develop significantly modified valuation

equations with time variation based on the Bellman model (1957) for evaluating

various investments. This will be achieved by considering real option investments

(Chapter 4) and R&D option investments (Chapter 5 and Chapter 6). Furthermore,

a two-firm competition framework will be added into the valuations of both of the

investments (Chapter 4 and Chapter 6), which are also evaluated by time-dependent

valuation equations. In detail, we have the following five main issues to address in

this thesis:

• How to evaluate projects on investments with finite expiry dates. Since the

original Bellman equation as applied in finance (Bellman (1957), Dixit and

Pindyck (1994)) is designed for the calculation of perpetual options, it cannot

handle different expiration dates. Hence, in this thesis, we will expand the
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model using Itô’s lemma in order to allow for full time variations. This will be

discussed fully in Chapters 4, 5 and 6.

• How to calculate investments using fully time-dependent numerical methods.

In this thesis, we will introduce two numerical methods for the calculations, the

QUAD method and the Crank-Nicolson/PSOR method (in Chapter 3). The

QUAD method, developed by Andricopoulos et al. (2003, 2004), which uses

an integral across a number of nodes in just one time step between observa-

tions. The well-known method Crank-Nicolson method (1947) uses algebraic

(finite-difference) approximations to replace partial derivatives. We will give

detailed numerical solutions calculated by these two methods for the various

time-dependent valuation equations in the later chapters.

• How to structure valuation equations for the leader and follower in a two-firm

competition with time variation based on the Bellman model (Bellman (1957)).

The leader and follower, by definition, are actually the winner and loser in a two-

firm competition, where the leader invests immediately and the follower invests

some time later. In most of the papers written about competition in investment

projects, few valuation equations are used in calculation, in particular few utilise

partial differential equations. The authors in this area (Dixit and Pindyck

(1994), Lambrecht and Perraudin (2003) and Garlappi (2004)) tend to use

analytical solutions (arising from time-independent equations) modelling the

situations as best they can, instead of using numerical solutions to better model

investment problems for both the leader and follower.

• Under what kind of investment environment the whole R&D project should

be abandoned. Berk et al. (2004) briefly discussed abandonment under the

financial definition that the project should be abandoned at the point when

its value hits zero, with unclear assumptions and evaluation processes. We

will follow their evaluation using fully time-dependent equations in the waiting

phase, in order to illustrate the advantage of time variation in the calculation

of abandonment (indeed, our results are significantly different). Details will be

discussed in Chapter 5.
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• How to evaluate competition in an R&D project. Garlappi (2004) followed the

Bellman model (Bellman (1957)) and the HBJ valuation equation (Berk et al.

(2003)), and calculated the values of both the leader and follower with two re-

lated time-independent equations. However, in these valuation equations, the

time variation was ignored, even in the region of investment. In this thesis,

we will develop the valuation equations for competition in the framework of

Garlappi (2004) with time variation, and combine the HBJ equation (Berk et

al. (2004)) with a hazard rate (Lambrecht and Perraudin (2003)) in the calcu-

lation of competition in a two-firm framework in a multi-stage R&D project.

Concrete conditions for this combination of HBJ equation and hazard rate will

be discussed in Chapter 6.

The objectives above will be addressed throughout this thesis, including descrip-

tions of the original and modified valuation models, the calculation processes for

numerical solutions derived from the valuation equations, the comparison of results

using different calculation methods and different valuation equations. Moreover, de-

tails such as abandonment in an R&D project will also be discussed in this thesis.

1.3 Structure of the Thesis

In the following chapters, Chapter 2 reviews the articles about real option in-

vestments valuations, real option investments valuation in competition, R&D option

investments valuations and R&D option investments valuations in competition. The

aims of Chapter 2 are twofold. First, the chapter reviews different types of valuation

models and equations for evaluating investment projects in the recent four decades,

and second, it describes the corresponding calculation methods and solutions for these

valuations.

Chapter 3 describes two numerical methods for solving partial differential equa-

tions (as employed in this thesis), the QUAD method and the Crank-Nicolson method.

Both these methods calculate solutions backwards in time from final conditions, but

are otherwise very different in nature. The QUAD method requires only one time

step for calculation between observations, with the values calculated by the integral
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of nodes which can be positioned as required. On the other hand, the Crank-Nicolson

method uses algebraic approximations to replace the partial derivatives in differen-

tial equations on a grid, with many steps between observations. Also, this chapter

compares the two methods in speed, accuracy and level of application in complicated

valuations of investments.

Chapter 4 presents a model to treat competition in a two-firm framework for in-

vestment projects. The valuation model in this chapter for the follower was developed

by Dixit and Pindyck (1994), who assumed that the loser of the competition (the fol-

lower), would obey the valuation model for investment by a single firm. Thereafter,

the model for the leader was developed by Lambrecht and Perraudin (2003), who

evaluated the value of investment project for the leader in a competition of two or

more firms with a hazard rate showing the fear of preemption. Chapter 4 also de-

velops a time-dependent valuation model for both the leader and the follower, and

compares the results calculated by analytical and numerical solutions.

In Chapter 5, we consider a model of a multi-stage R&D project. The original

model in this chapter was developed by Berk et al. (2004) using technical uncertainty,

which measures the success of completing a single stage, and numerical solutions

calculated based on the HBJ valuation equation. Berk et al. (2004) used a time-

dependent equation for the investing phase and a time-independent equation for the

waiting phase in the HBJ equation. We develop a modified HBJ equation with time

variation in the waiting phase in order to treat explicit time variations in this regime.

Moreover, in this chapter we also take abandonment into account, in which the project

can be abandoned due to a bad investment environment. We discuss the advantages

of the model with time-dependent equation for the waiting phase.

Chapter 6 considers the implementation of competition in a multi-stage R&D

project framework. In this chapter, the valuation of the R&D project is based on

the model of Berk et al. (2004), and the valuation of competition is based on the

framework of Garlappi (2004). We develop the competitive models following Garlappi

(2004) and Lambrecht and Perraudin (2003) respectively, and then a combined model,

which uses the model of Garlappi (2004) partially for the investing phase, and uses the

valuation equation including the hazard rate (Lambrecht and Perraudin (2003)) to

evaluate the waiting phase. From the combined model, which contains both technical
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uncertainty and hazard rate, will emerge the superiorities of the two competitive

models in R&D.

Chapter 7 summarises previous chapters and presents a number of conclusions.

This final chapter also discusses implications, limitations and further applications for

the research in this area of this thesis.



Chapter 2

Literature Review

This chapter reviews the articles developing financial models for the valuation of

investment and R&D projects, and competitive models for investment projects.

2.1 Valuations of investment projects

Optimal investment timing has been the subject of much research. Brennan and

Schwartz (1985) presented a model for the evaluation of natural resource investment

projects, which treated output prices as stochastic. This model also considered the

possibility of close down or abandonment of an investment project if output prices

drop low enough. They constructed a self-financing portfolio, whose value at any

time is exactly equal to the value of the investment project and cash flows required

at that time, in order to eliminate the requirement of estimating the expected rate

of the underlying cash flow and the output price. They also considered the valuation

of the optimal timing of the investment projects on natural resource using numerical

solutions based on time-independent equations, and discussed the application of this

model to fixed-price long term contracts for natural resources.

McDonald and Siegel (1986) studied the optimal investment timing problem in

an irreversible project, where the project benefits and the investment cost are both

assumed to be continuous-time stochastic processes. They presented a model of

investments in which the investors are allowed to wait before investing if immediate

investment is not optimal. They computed the values of the investments with realistic

parameters using the valuation equations derived from Merton (1973), and showed

29
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that investment timing considerations are very important. Although their model

is not wholly realistic (e.g. it ignores the possibility that the investment may be

reversed after the project is adopted), it is considered one of the most significant

continuous-time models of irreversible investment.

Pakes (1986) presented a model using observations on the proportion of different

patents to estimate the distribution of the returns earned from holding patents, and

the evolution of this distribution function over the lifespan of the patents from infor-

mation on patent renewals. This paper assumed that the sequence of returns which

would accrue to the patent if it is to be kept in force is uncertain, and agents are

allowed to apply for patents at an early stage in the innovation process. Moreover, in

this model, a patent holder who pays the renewal fee, which is quite small during the

life of a patent, obtains both the current returns and the option to pay the renewal fee

and maintain the patent. An agent, according to this model, will pay the renewal fee

optimally only if the sum of the current returns plus the value of the option exceeds

the renewal fee, and values the option as the expected discounted value of future net

return following the optimal renewal rule, which determines whether or not to pay

the renewal at each age. Furthermore, he embedded a Markov assumption, in which

the return of the next period depends only on current returns, and calculated an

explicit solution for the returns.

Majd and Pindyck (1987) showed how optimal investment rules can be deter-

mined for investment projects with sequential investment outlays and maximum con-

struction rates using contingent claims analysis. They assumed that the value of a

completed investment project is spanned by a set of traded assets. The investment

project can be regarded as a compound option in which each unit of the investment

buys an option and makes expenditures, which are irreversible and capable of delay,

on the next unit. Evaluating the project requires a decision rule that determines

whether there should be additional expenditure. Moreover, they showed how the in-

vestment rule works in the application of project evaluations, and how time to build

with uncertainty affects investment decision by numerical results. The model was

also used to examine the ecomonic rule of construction time flexibility.

Paddock, Siegel and Smith (1988) developed an approach for the valuation of

claims on an offshore petroleum lease using option pricing theory. In this article, the
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authors supposed that the government would determine pre-sale reservation prices for

petroleum leases and firms would also use this methodology in their bidding decisions.

They regarded their option valuation approach as a straightforward form for valuing

petroleum leases, and for studying the effects of exploration and development costs

and lags, and investment-timing decisions. They presented empirical results from

offshore petroleum leases, and compared results from their option valuation approach

with actual industry bids for which valuations were based upon the discounted cash

flow approach. They emphasized the advantages of this approach over conventional

discounted cash flow techniques, and provided insights for both company behaviour

and government policy.

Dixit (1989) proposed a model of optimal inertia in real and financial investment

decisions under uncertainty, and suggested a wide variety of applications ranging from

foreign trade to job search. The investment in this model was treated as a call option

with the investment cost as the exercise price. He supposed that an active firm will

suspend investment when conditions become sufficiently adverse, and an idle firm

will start investing when the conditions become sufficiently favourable. He evaluated

the optimal conditions to decide the price for exit and entry for both active and idle

firms.

Pindyck (1993) examined irreversible investment decisions when projects take

time to complete. The projects were subject to two types of uncertainty: technical

uncertainty and input cost uncertainty. He derived decision rules, which determine

the right time to undertake projects irreversible, by assuming the value of the com-

pleted project is known and stochastic. He showed how the two types of uncertainty

affect the investment decision differently, and how the value of the investment op-

portunity depends on the source and amount of uncertainty and parameters using

numerical solutions.

Quigg (1993) examined the empirical predictions of a real option pricing model

based on a large sample of real estate market transactions. She provided empirical

information about the option-based value of land which is relative to its intrinsic

value and market price, and presented a model incorporating the option to wait and

to invest in the valuation of land.

Dixit and Pindyck (1994) followed McDonald and Siegel (1986) to calculate the
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project value and trigger value using the time-independent Bellman model. Dixit

and Pindyck (1994) indicated that the ability to delay an irreversible investment

expenditure can affect the decision to invest, and they claimed that the net present

rule “Invest in a project when the present value of its expected cash flows is at

least as large as its cost” is incorrect because it ignores the effect of waiting for new

information in investment. They showed results based on analytical solutions and

the Bellman equation without time variation.

Trigeorgis (1996) described a case of a firm engaged in the exploitation of mineral

resources, and evaluated the nature of option interactions (e.g. option to defer and

option to shut down) and the valuation of projects involving multiple (compound)

real options. He used a number of well-known models, such as the model of McDonald

and Siegel (1986) for the option to defer and the model of McDonald and Siegel (1985)

for the option to shut down, in the evaluations the investment project. Moreover, he

derived analytical solutions from time-independent equations, which were presented

in these models.

Berk, Green and Naik (1999) developed a model to describe empirical findings

based on changes in firms’ risks through time; in other words, they developed a model

describing investment decision making by individual firms. In this model, investment

opportunity is an important factor for firms to perform well, and the valuation of the

cash flows resulting from the decisions leads to the dynamics for expected returns.

Also, the assets of firms in this model turn over as new investment opportunities

with differing risk characteristics arrive, existing assets expire, interest rates change

and firms respond optimally through investment choices. The results calculated by

simulation illustrated that this model can simultaneously reproduce several different

behaviours for returns. Berk et al. (2004) used this model to examine the joint

dynamics of returns and firm characteristics by deriving analytical expressions for

the firm’s value and expected return, and presented results to capture important

features of the behaviour of returns.

Nembhard, Shi and Park (2000) used a real option framework on a case-study for

manufacturing system changes that improves operational decision making. They dis-

cussed the theoretical and applied research required to support the real option frame-

work. They showed the benefits of using a real options approach, which increases the
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understanding of the impact of extending or reducing the time to implement changes.

Schwartz and Zozaya-Gorostiza (2000) developed a computer simulation model

for the valuation of investments in disruptive technologies. In this model, the in-

vestment project is divided into two sequential phases representing the evolution of

the disruptive technology, the emerging market phase, in which the technology is

being developed, tested and commercialised, and the mainstream market phase, in

which the investors move up and start competing for the most profitable customers.

In the two phases, net cash flows received from commercialising a technology and

development costs of completing a project follow different stochastic processes that

interact with each other. This model also incorporated the effects of the uncertainty

associated with the time required to the completion of each stage and the possibility

of permanently abandoning the project. It examined the effects that cash flows and

development costs have on the value of the project when abandonment is allowed or

not allowed. They discussed how to abandon optimally the project by considering

the effects of cash flows and development costs. Finally, results on the values of the

investment project in two phases were illustrated based on time-dependent numerical

solutions.

Bengtsson and Olhager (2002) provided an analysis of product-mix in a manu-

facturing system, which used a real options approach in a case study to evaluate one

specific type of manufacturing flexibility. The results provided in this article showed

that the present value using product-mix flexible resources reduces with increasing

demand volatility, and the value of the option to produce is higher if the resources are

flexible. The time-dependent equations used in this article were derived from the cap-

ital asset pricing model (CAPM), and the results were calculated using Monte-Carlo

simulation.

Martzoukos and Trigeorgis (2002) valued investment options when the underlying

asset follows a mixed jump-diffusion process in the presence of multiple sources of rare

jumps. They presented an analytical solution for evaluating European options, and a

discrete-time methodology, implemented within a finite-difference scheme, for Amer-

ican options. They valued complex real options with compound features involving

interactions between optimal investment and subsequent operation decisions.

Isik, Coble, Hudson and House (2003) used an option-value model to examine the
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factors affecting a firm’s decision in remote sensing technologies (RST) on whether

and how much to invest in an emerging market under demand uncertainty. This model

combined the entry and exit decisions of the firm with capacity choice decisions, and

provided a framework for investment under uncertainty in various emerging markets.

The framework and approach developed in this paper could be applied to investment

decisions in numerous areas.

Odening, Musshoff and Balmann (2005) applied option pricing theory to a hog-

production investment. They developed a stochastic simulation model to evaluate

the investment regarded as an American-type option, and used the model to deter-

mine investment and disinvestment triggers. They attempted to reveal the differences

between the traditional investment theory, which is based on the net present value

(NPV) and option-based investment theory, and illustrated how incorrect these two

heavily stochastic process based theories may be if the wrong process is used. More-

over, they followed the investment strategy developed by Dixit and Pindyck (1994)

that farmers should wait until the investment trigger is hit in hog finishing. An-

alytical solutions related to option pricing methods were used to demonstrate the

results.

Cortazar and Urzua (2006) utilised the applicability of the least squares Monte

Carlo method (LSM), which was developed by Longstaff and Schwartz (2001) for

valuing financial options allowing early exercise, in a multidimensional real option

setting. They valued a copper mine investment project with three-factor stochastic

process for commodity prices initially using finite-difference methods, and then im-

plemented the LSM to show how complexity may be reduced. Results also showed

the LSM may be successfully applied in multidimensional models.

2.2 Valuations of competition in investment projects

In the literature studying competition between two firms via options valuation,

Harris and Vickers (1985) investigated perfect equilibrium in a model of a race in

which two players are competing for an indivisible prize. In this model, the compe-

tition was assumed to occur only at the first stage of the race. The winner of the

competition would be determined by several combined factors, and winning would
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deter the loser from taking any action. Also, if a player is far enough ahead in the

race, which is determined by the respective distances from the completion line and the

values the competitors have, then the latter gives up the contest completely because

any effort that it could afford to make would easily be outdone by its rival.

Spatt and Sterbenz (1985) analysed the impact of the degree of rivalry upon the

learning process and the decision to develop the project in a multi-firm competition

framework, based on Nash equilibrium. In their model, the first of the competing

rivals to invest pays the costs of the project and receives the return stream. In

each period, a signal received by all firms as to the uncertain profitability, which is

assumed to be generated by the information in the public domain. They concluded

that the benefit from preempting rivals yields an equilibrium reduction in the amount

of learning and earlier development when the number of rivals increases.

In order to evaluate competition in investments, Fudenberg and Tirole (1986)

presented a duopoly model to determine the optimal timing to exit a market. They

assumed that each firm enters the market knowing its own investment cost, but has

no information about its rival. As time passes, each firm gains more information

about the investment costs of its opponent. They also assumed that the firm which

enters the market with lower costs will become discouraged and exit if its competitor,

which enters the market with higher cost, remains in the market long enough. The

firm which remains active will earn a monopoly position immediately after its rival

exits. They used analytical solutions to help firms to decide whether to exit or to

keep active at each instant in the market.

Lieberman and Montgomery (1988) surveyed both theoretical and empirical re-

search on mechanisms that confer advantages and disadvantages on first mover firms

in competition. They defined first mover advantages in terms of the ability of pio-

neering firms to earn positive economic profits, the first mover opportunity occurring

because the firm possesses some unique resources or foresight or simply luck. Further,

they considered theoretical models and empirical evidence on three general categories

in which first mover advantages can be attained, leadership in product and process

technology, preemption of assets and development of buyer switching costs. They also

examined potential disadvantages of first mover firms including free-rider problems,

and a tendency towards inertia or sluggish response by established incumbents. They
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also discussed basic conceptual issues including the endogenous nature of first mover

opportunities, and various definitional and measurement questions.

Leahy (1993) showed that the introduction of competition does not affect the

timing of irreversible investment decisions. He considered the optimal policies of two

types of firm: a firm that anticipates the interaction of the strategies of other firms on

the price process, which assumes the stock of capital remains fixed; and a firm that

ignores the interaction (termed myopia), has static expectations regarding output

and rational expectations regarding other shocks. Moreover, he demonstrated the

prices that trigger investment by the two types of firms in a setting with constant-

returns-to-scale firms, linear costs and uncertainty of investment. He regarded the

valuation as exercising a call option, and indicated that the competition reduces the

value of the actual and potential invested capital. Further, this paper addressed the

connection between the myopic firm and competitive equilibrium and transformed

the problem of solving for a competitive into resource allocation by a benevolent

social planner.

Williams (1993) analysed options to develop real assets in a Markov perfect equi-

librium with the aforementioned properties. He assumed that the demand for the

product depends on its current price, and developers have the same limited capacity

to construct developed assets using competitive contractors. He discussed the novel

competitive statics and calculated resulting values of developed and undeveloped

assets explicitly.

Dixit and Pindyck (1994) discussed competition briefly. They developed a par-

ticularly simple example based on the work of Smets (1991), with game theory and

Nash equilibrium in a two-firm competition framework. They calculated the values

of the two firms which are defined as the leader (the winner of the competition) and

the follower (the loser of the competition) respectively by analytical solutions.

Grenadier (1996) developed an equilibrium framework for solving option exercise

strategies on the behaviour of real estate markets. This model provided a potential

rational explanation for real estate phenomena, and was extended to a perfectly

competitive equilibrium. In this model, two building owners lease their existing

properties in a local real estate market. Each holds the option to develop a new

building, which is treated as a call option with the cost of construction as exercise
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price and the new building as underlying asset. The first to build will pay the

construction cost earlier, but benefit by being able to lease without competition.

When the second owner enters, both owners will compete in a duopoly.

Kulatilaka and Perotti (1998) investigated the decision to make an irreversible

investment, which was regarded as a growth option, under imperfect competition

and uncertainty. This paper evaluated the growth options by explicitly modelling

the strategic advantage gained by competitors. In this model, an initial investment

in such a growth option reduces future production costs, namely, it allows firms to

take better advantage of future growth opportunities. They showed that the proper

valuation of real investment must take its strategic value and the alternative value

of not investing into account, and both production costs and strike price of future

expansion options can affect the strategic investment because of the influence on

competitors’ output decisions. In addition, they explored the impact of uncertainty

on the value of a strategic growth option and obtained closed-form solutions. Also,

they discussed the extension of the analysis to the valuation of investment.

Grenadier (1999) developed an equilibrium framework for option exercise poli-

cies and information revelation in markets with asymmetric private signals. In this

framework, a set of agents hold options on a continuous-time stochastic price pro-

cess, and each one must determine the optimal time to exercise, and agents possess

private information that affects the option payoff. He provided insights into the pat-

terns of exercise in a variety of realistic economic settings. Furthermore, this model

can be applied to real investment projects where firms are free to choose the tim-

ing of their investment outlays, and is used to determine the value and nature of

market mechanisms that may form to provide private information. Grenadier (2002)

continued his research on real options analysis in a game framework. This article

provided a general and tractable solution approach for deriving equilibrium invest-

ment strategies of firms in a continuous-time Cournot-Nash game framework. In

this, each firm faces a sequence of investment opportunities and must determine an

exercise strategy in competition, which is optimal and conditional on its competi-

tors following their equilibrium exercise strategies. The cash flows from investments

are determined by a continuous-time stochastic process, and the equilibrium exercise
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strategies can be obtained from an artificial competitive industry, where the equi-

librium exercise strategies in an oligopolistic framework can be determined as if the

industry is perfectly competitive. He calculated closed-form solutions for these equi-

librium investment strategies by transforming the oligopolistic equilibrium into an

equivalent competitive equilibrium.

Cvsa and Gilbert (2002) examined the trade-off between strategic commitment

and operational flexibility when a supplier offers competing buyers opportunities to

make early purchase commitments for a product with a short life cycle. They provided

a reason why a manufacturer would provide downstream buyers with opportunities

to make early purchase commitments, which is based on the opportunities playing in

competition in the downstream market. Moreover, by using a single period model,

this paper showed that a supplier can affect the competition in the downstream mar-

ket, and can benefit from providing adequate pricing incentives to purchase quantities

below a threshold level of demand uncertainty.

Lambrecht and Perraudin (2003) introduced incomplete information and preemp-

tion into an equilibrium model of firms facing real investment decisions. They exam-

ined the implications of preemptive behaviour for the valuation and timing of real

investment, and showed how one firm may incorporate incomplete information into

an equilibrium model in which groups of firms invest strategically. They assumed

that firms know their own cost of investment but only the distribution of their com-

petitors’ investment costs and, using a hazard rate α, which changes the investment

time of the leader to avoid preemption from its rival. Their model provided a uni-

fying theory in which the standard zero net present value (NPV) investment rule

and the real options investment rule appear, and implied that the equity returns of

firms which hold real options and are subject to preemption will contain jumps and

positive skewness. Results in this article were based on analytical solutions derived

from time-independent equations.

Paxson and Pinto (2003) presented two different real options models with two

stochastic factors considering strategic interactions in a duopoly using game theory.

They assumed that the first mover has a competitive advantage over the second

mover. An important assumption in this article is that they assumed that the leader

would be determined by a toss of a coin if both firms enter the investment at the same
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time, which still keeps the first move advantage for one firm in this situation. They

used closed-form solutions derived from ordinary differential valuation equations for

the leader and the follower.

Keppo and Lu (2003) extended real options theory for irreversible investment to

consider the case of a large energy company for which electricity production decisions

affect the electricity price, which is based on optimal consumption and portfolio

selection and on optimal stopping for a continuous-time process. This article also

discussed competition for the power plant investment opportunity. They hedged

the production cash flow uncertainties, which eliminates the risks in the optimal

investment and production policy. Moreover, they also considered the production

effect in the investment analysis if the companies are not able to hedge the price

effect and no competition on the investment opportunity.

Boyer, Lasserre, Mariotti and Moreaux (2004) studied a simple duopoly model

of preemption with multiple investments and instantaneous price competition on a

market of finite size driven by stochastic taste shocks. The main focus of this article

was on the timing of investments in a Markov perfect equilibrium of the game. They

solved the model analytically and concluded that firms simultaneously invest in one

unit of capacity at the random time that maximises industry profits if the average

growth rate of the market is large, or the volatility of demand changes is high.

Morellec and Zhdanov (2005) developed an equilibrium framework based on the

stock market valuations of merging firms for the joint determination of the timing

and terms of takeovers in the presence of competition and imperfect information,

which is used to derive implications regarding returns to stockholders in takeover

deals. The model made an analogy between restructuring opportunities and exchange

options. They constructed a two-factor model that allows for different degrees of

correlation between the bidder and target stock returns, and generated predictions

relating abnormal returns to the dispersion of beliefs regarding the benefits of the

takeover.

Smit and Trigeorgis (2006) illustrated the use of real options valuation and game

theory principles to analyse prototypical investment opportunities involving impor-

tant competitive or strategic decisions under uncertainty. This article is one of sev-

eral in which the two major strands of economic theory, real options and games,
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are unified in a single and coherent framework. Here the approach is applied to the

formulation of corporate strategy. They examined a number of competitive games

where the impact of a firm’s decision on competitors was important in determining

equilibrium outcomes and competitive strategies by using examples from innovation

cases, alliances and acquisitions.

2.3 Valuations of R&D projects

Some previous economics and finance literature has studied R&D options valu-

ation for a single firm. Posner and Zuckerman (1990) examined a stochastic R&D

model with flexible termination time of the investment project, which is incorporated

into the R&D model as a decision variable by allowing the controller to sell the prod-

uct from the project at any time. In this model, the authors assumed a stochastic

relationship between rates of expenditures and the project’s status, and determined

the optimal termination time of the project.

Grabowski and Vernon (1990) investigated the returns to R&D for 100 new drugs

in the United States during the 1970s. In this investigation, they found that the

performance of new drugs introduced during the latter half of the decade was better

than those in the first half. They treated the analysis economically to see whether

the introductions of new drugs obtain higher returns in latter periods than in early

periods. They also studied how the returns are influenced by external factors. Results

of various sensitivity analyses were shown on the present values of returns of new

drugs.

Grabowski and Vernon (1994) continued their study investigating the returns to

R&D on new drugs during the 1980s. In this paper, they presented an alternative

approach for pharmaceutical industry profitability, and focused particularly on new

chemical entities introduced by drug companies in the early 1980s. The main ob-

jective of this article was to evaluate the underlying internal rate of returns and net

present values for the representative new chemical entities over the 1980s time period,

using estimated annual cash flows on the products. This approach has the advantage

that it is able to avoid the timing and aggregation problems based on incomes and

investments, but has limitations that the approach is not applicable to the existing
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products or non-pharmaceutical activities.

Newton and Pearson (1994) presented an approach based on option pricing theory

for evaluating R&D projects. They pointed out the potential superiority of the option

pricing theory over other techniques at that time, and demonstrated the feasibility

of adopting option pricing theory as an extension of the techniques at that time.

They treated R&D projects as European options using the Black-Scholes equation,

and noted that, unlike many options (such as options on stocks or commodities), an

R&D real option is held on something not yet in existence; that is, a project which

will follow only if the R&D is successful and investment is begun.

Myers and Howe (1997) described a financial simulation model of pharmaceutical

R&D which connects the tools of modern finance to a detailed description of the

costs, risks and returns of pharmaceutical R&D. They also presented estimates of

the cost of capital based on analysis of the risk characteristics of pharmaceutical and

bio-tech stocks.

Dutta (1997) characterised the optimal allocation of a budget between several

stages of an R&D project. He treated dynamic R&D investment as the outcome of

an optimisation problem faced by a single firm and analysed the investment using two

different models: the flow-payoff model in which completing a stage yields a stage-

dependent profit and intermediate steps are valuable; and the terminal-payoff model

in which profits are realised only after all stages have been successfully completed.

All the results in this article were based on time-independent analytical solutions.

Pennings and Lint (1997) developed a stochastic model to estimate the uncertainty

of the underlying asset of R&D options and to reduce the gap between theory and

empiricism in real options analysis. This article is aided by empirical knowledge of

research in the field of multimedia at Philips Corporate Research and briefly discussed

major issues in options assessment in order to develop an appropriate framework.

The approach used in this paper builds upon discontinuous arrival of information

that affects the present value of future net cash flows.

Lint and Pennings (1998) then reported the application of a particular option

pricing model, in which the option value captures jumps or business shifts in market

or technology conditions, for setting the budget of R&D projects.
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Ottoo (1998) developed a growth option model to apply in making strategic in-

vestment decisions and determining the values of intangible assets. In this model,

a firm gains access to productive technology by successfully completing basic R&D

projects before its competitors and introducing a new product into the market. This

paper examined the process of allocation of investment opportunities, which were

valued as real options, across firms by valuing basic R&D investment, and modelled

the interaction between real options and future growth opportunities.

Panayi and Trigeorgis (1998) examined multi-stage real options applications that

have strategic impact beyond that captured by standard discounted cash flow (DCF)

valuation approaches. This paper reviewed the concept of multi-stage R&D options

and analysed two case studies. Moreover, it supported the well-known proposition

that options valuations can justify making strategic investment decisions even if the

net present value (NPV) suggests otherwise.

Childs and Triantis (1999) examined dynamic multi-stage R&D investment poli-

cies and the valuation of R&D programmes in a contingent claims framework. In

their model, they assumed that a firm could invest in multiple projects and these

projects all had several uncertain characteristics of R&D programmes. Furthermore,

after developing multiple projects for a period of time, they allowed a firm to focus

just on the lead project but, in the meantime, resume funding another project as a

backup and switch to the backup project if the lead project failed. In addition, they

concluded that if the lead project dominates early in the development stage, then

accelerating the lead project is more valuable than switching to the backup project.

They also showed how a firm can forecast expected R&D spending through time

for an optimally executed R&D program and how volatility plays an important role

in determining R&D program value. Finally, they examined how competition affects

firms’ R&D policies. All the valuations were based on a multiple period R&D process

model.

Schwartz and Moon (2000) used continuous-time numerical methods to evaluate

R&D projects. They modelled three types of uncertainty, including the technical

uncertainty which determines the success of the R&D project. They also studied

optimal investment policies, and calculated the value of an R&D project numerically

and compared this with the value calculated by the net present value (NPV) approach,
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which simply discounts the future expected cash flows. In their model, the investment

cost of completing the project was modelled as a stochastic process related to its

current value of investment.

Takalo and Kanniainen (2000) introduced a model of an innovating firm with

uncertain property rights to its innovation, to challenge the widely held view that

patents always speed up technological progress. In this model, the authors analysed

a sequential innovation process regarding R&D investment projects as future options

for patenting, which emphasises the intrinsic nature of an inactive patent as an option,

and regarding the patent as a contract between the innovator and society. The model

also provided a formalisation of an incentive to hold inactive patents with the ultimate

aim of commercialisation of the new product. They used a continuous-time stochastic

process to evaluate innovations based on the assumptions that innovations are subject

to technological uncertainty.

Huchzermeier and Loch (2001) developed a real option model with several uncer-

tain resources, including the market payoff and operational variables, for an R&D

project. They demonstrated that operational uncertainty may reduce the value of

the R&D project, and if it is resolved before investment decisions are made, then

the value will stop reducing. They also used improvement actions to improve the

performance of the product.

Lint and Pennings (2001) developed a framework that incorporates market and

technology uncertainties using an option approach to the new product development

process, which is considered as a series of real options with reducing uncertainty

over time. In the R&D phase, the project was assigned within a 2 × 2 matrix of

uncertainty versus R&D option value. They treated the product launch phase as a

perpetual American call option, and developed explicit decision criteria to enhance

decision on abandoning, mothballing, delaying or speeding up R&D projects and

provided a justified assessment of product initiatives at all stages in an uncertain

environment.

Brach and Paxson (2001) described a model for a gene-to-drug R&D venture.

The model contains two stages, a new drug discovery stage and a secretory protein

research stage. They modelled the gene discoveries as Poisson processes and gene

deal value sizes as log-normal distributions to calculate the expected R&D value for
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both stages.

Loch and Bode-Greuel (2001) used compound growth options and decision trees,

which explicitly represent the sequence of decisions, to evaluate an R&D investment

on a pharmaceutical company. They used simple estimates of discount rates and risk

aversion in the evaluation.

Jensen and Warren (2001) applied real options theory to value research in the ser-

vice sector. They used a compound model based on a three-phase life-cycle consisting

of research, development and deployment. They concluded that it is necessary to un-

derstand the relationship between the research activity and the subsequent revenue

stream.

Lee and Paxson (2001) used real sequential (compound) exchange option models

to model the stages of R&D expense based on an approximate American sequential

exchange option. The R&D project in this article was divided into three phases, initial

R&D phase, second R&D phase and development phase, with short-term timing for

each phase. They presented closed-form solutions for the valuations of these options.

Following the early work of Newton and Pearson (1994), in which R&D was

considered as providing an option on a future, but currently non-existent firm, Doctor,

Newton and Pearson (2001) gained access to data on projects in the portfolio of

the UK chemicals division of a diversified multinational company. They applied

Black-Scholes solutions, a Monte-Carlo method and decision trees. They retained

the advantage of being based on a genuine company analysis and demonstrated some

of the problems in data gathering and analysis, in particular the bias away from data

for failed projects.

Davis and Owens (2003) quantified the value of the United States federal non-

hydro renewable electric R&D programme. They examined the market value from

the standard discounted cash flow perspective. In addition, they used real option

pricing techniques to estimate the value of renewable electric technologies in the

face of uncertain fossil fuel prices, which indicated that the current level of federal

renewable electric R&D funding is sub-optimal.

Jacob and Kwak (2003) examined an evaluation approach for pharmaceutical

R&D projects. This article reviewed the environments and trends on R&D project

management and its impact on the pharmaceutical industry. They also concluded
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conceptually that a real options approach, combined with other project risk manage-

ment processes, offers a significant improvement in project selection and review, and

resource allocation decisions.

Worner and Grupp (2003) evaluated R&D return based on a basket option frame-

work, where the payoff is linked to a portfolio of underlying assets. They used a novel

R&D return indicator, which measures the level and scope of activities of a firm and

is based on the information content on technological and market risk of the products

under development, to analyse investor’s expectations on R&D success of a particular

firm. They also discussed a potential application in innovation research.

Schwartz (2004) developed a simulation model to value patent-protected R&D

projects for new drugs from the pharmaceutical industry, based on the real options

approach. The development of a new drug generally takes many years to complete,

and investments have to be made constantly during this period. He took three kinds

of uncertainty into account on the research and development of a new drug: the invest-

ment cost uncertainty which shows the dynamics of the expected cost to completion

and is described by a controlled diffusion process; the cash flow uncertainty which

illustrates the dynamics of the net cash flow and is described by geometric Brownian

motion; and the possibility of catastrophic failure that could end the R&D project

before it is completed. He allowed abandonment of the R&D project, which occurs

when investment costs turn out to be larger than expected or cash flows smaller than

anticipated. He also presented a methodology to determine the value of a patent to

develop a new product. The R&D project was treated as a complex real option, and

was evaluated by time-independent differential equations and corresponding numeri-

cal solutions.

Berk, Green and Naik (2004) developed a dynamic model of a multiple stage

investment project that captures many features of R&D ventures. In their model,

firms learn about the potential profitability of the project throughout its life, but the

technical uncertainty inherent in the R&D effort is only resolved through additional

investments. Their model incorporated different sources of uncertainties such as cash

flow uncertainty and technical uncertainty, and provides solution in determining the

value and risk premium of an R&D project. The article focused on how the decision

is made to invest or to wait by a single firm in a multi-stage project, option value
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and risk premium are given by analytical solutions.

Lewis, Enke and Spurlock (2004) investigated methods of valuating R&D projects

using the deferral option, which identifies the value of keeping the project funded

while deferring the decision to implement or execute the project. They compared

the relationships of future cash flow, investment costs and other parameters with the

estimated NPV of the project.

Cassimon, Engelen, Thomassen and Van Wouwe (2004) developed a methodology

based on real option models to value new drug applications and the R&D of phar-

maceutical companies. They used a six-fold compound option model to evaluate the

R&D phase, and presented a closed-form solution for the compound option model.

Hartmann and Hassan (2006) aimed at investigating the application of real options

analysis on R&D projects in the pharmaceutical industry. The data base they used

was a survey regarding real options usage based on a written questionnaire on inter-

national pharmaceutical companies and health-care departments of financial service

companies. This article also introduced the current situation of the pharmaceutical

industry and the particular features of the R&D process.

Siddiqui, Marnay and Wiser (2006) demonstrated an approach to determine the

option value of renewable energy (RE) research and development, which provides

an estimate via a compound real option of an RE R&D programme with uncertain

non-renewable energy (NRE) costs. This approach evaluated the RE R&D as a real

option, and used a binomial lattice structure. This article also provided a numerical

example to illustrate the option components embedded in a simplified representation

of current US Federal RE R&D.

2.4 Valuations of competition in R&D projects

Reinganum (1982) developed a model of optimal resource allocation to R&D in

an n-firm industry, under the assumption of uncertain technical advance and in the

presence of game-playing rivals. In particular, he used a game theoretic analysis to

determine the Nash equilibrium strategies for these firms. He showed perfect patent

protection to accelerate development of the innovation under the effect of increasing

rivalry on Nash equilibrium investment; also that a large number of rivals affect both
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the probability of winning and the values of the benefits to innovations. Finally, he

examined the perfectly competitive equilibrium theoretically.

Fudenberg, Gilbert, Stiglitz and Tirole (1983) investigated when patent races,

which were treated as dynamic games, could be characterised by vigorous competition

and when they could degenerate into a monopoly. In particular, they examined

“ε-preemption”, which allows a firm in the race to preempt its rivals. The key

assumption of this model is that a firm which is “behind” in the race, can “leapfrog”

the competitor and jump ahead, but the firm should drop out of the patent race if the

competitor can ensure that it will remain in the lead position until the race is over.

The firm which is behind will not compete unless it can jump ahead of the leader

firm, and the authors determined whether “leapfrogging” is possible and whether

competition will prevail for a multiple stage R&D project using game theory and the

above assumption. Also, this paper presented a multi-stage continuous-time model

and examples to illustrate how “ε-preemption” can blockade entry into a patent race

and how the possibility of “leapfrogging” can give rise to competition.

Cockburn and Henderson (1994) used detailed data on R&D investments and

outcomes in the dynamics of technological competition in ethical drug discovery.

They obtained two key results, R&D investment levels are weakly correlated across

firms and rivals’ results are positively correlated with own research productivity, from

estimating simple models of R&D investment and output. Their results showed the

relationship between investment behaviour and social welfare in the pharmaceutical

industry.

Gruver (1991) analysed a model of R&D decisions leading to a successful inno-

vation with rival firms in a winner-takes-all patent race. In this model, he showed

that by the appropriate policy instruments, the optimal outcome will be attained by

the symmetric Nash equilibrium solution for competitive firms. Moreover, each firm

must invest a fixed cost to enter the race and must choose and allocate a variable

expenditure that positively affects the probability of success over any time period.

He also analysed Nash equilibrium by assuming that each firm is risk neutral, and

chose variable R&D effort that maximises the expected present value of the stream

of variable costs and benefits.
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Syneonidis (2000) examined the impact of price competition on R&D expendi-

ture and market structure. He presented a theoretical framework to derive a general

result, which restricts the space of possible outcomes. He used UK data to analyse

empirical evidence on the evolution of competition, and concluded that the intro-

duction of restrictive practices legislation caused a rise in concentration following an

intensification of price competition in high-advertising manufacturing industries

Gans and Stern (2000) analysed the relationship between incumbency and R&D

incentives in the context of a model of technological competition in which entrants

are able to license their innovation to an incumbent. They used a bargaining game

to evaluate how the economic environment affects the licensing fee and three key

insights to evaluate how innovative activity is shaped by licensing.

Weeds (2002) analysed competition in irreversible R&D investment projects with

uncertain returns under a winner-takes-all system, which means that any competitor

investing after the winner will gain zero profit. She developed a two-firm competition

framework and treated the R&D projects in her paper as real options so that investors

could use the strategy of delay to maximise the profits on the investments in the

future. She also used the term “fear of preemption” to describe how each firm in

the competition would like to early exercise the project just before its rival, and used

the leader and follower concept to describe the winner and loser in the competition.

Moreover, she discussed competition in two scenarios. In a cooperative scenario (also

defined as a sequential investment pattern), two firms invest cooperatively such that

one invests at a lower trigger value and the other invests strictly later at a higher

trigger value; the values of the two firms were then treated as the value of a combined

entity. In a non-cooperative scenario, the two firms were treated separately as the

leader and follower, where the leader invests strictly before its rival. She evaluated

the values using time-independent analytical solutions with game theory and hazard

rate which measures the level of preemption, and concluded that the trigger values in

the cooperative scenario are greater than the ones in the non-cooperative scenario.

Choi (2002) developed an incomplete contract model of the licensing relationship

to analyse the dynamic effects of licensing on R&D competition in the innovation

market and to examine the rationale for “grant-back” clauses, which may affect com-

petition. He demonstrated how the grant-back clause can relax the R&D incentive
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compatibility constraint.

Miltersen and Schwartz (2002) developed a model to analyse patent-protected

R&D investment projects with competition in the development and marketing of the

resulting product. They combined real options theory with equilibrium concepts from

game theory to solve the problem where the R&D investment decisions of one player

depend critically on the decisions of the other players, which affect the valuations in

the development phase and marketing phase. They concentrated on two firms inde-

pendently investing in an R&D investment project from the pharmaceutical industry,

which is required to develop a new drug over a long period of time, and is patent

protected at an early stage of the development phase, to cure a disease. In this model,

each firm will take the situation of its rival into account during the development phase,

because the firms will obtain a duopoly if they are successful. The costs of completing

the R&D project for each firm are assumed to follow stochastic processes through

time with two types of shocks, technical shocks and input cost shocks. In addition,

the R&D project may be terminated because of poor results. Moreover, in compe-

tition, the firm which first completes the investment project will receive monopoly

profits in the marketing phase until the losing firm finally completes the R&D project.

Then, at this point, both firms will share duopoly profits. Miltersen and Schwartz

(2002) derived investment strategies for both firms in a Cournot-Nash equilibrium

framework in continuous time. They evaluated the values of the R&D project and

determined the optimal stopping time, which represents the optimal exercise time

for abandoning the investment project, for both firms by using simulation, based

on the simple and powerful numerical least squares method proposed by Longstaff

and Schwartz (2001) modifying the Monte-Carlo method to allow valuation of early

exercise. This paper also focused on solving competition problems with the patents

for both drugs expiring at the same time. They provided some realistic numerical

results, such as the value of an R&D project to the monopolist is higher than the

value for both duopolists, and the average time to develop the R&D project is shorter

in a duopoly.

Gersbach and Schmutzler (2003) developed an approach to treat technological

spill-overs endogenously on innovation incentives. They presented a game framework
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in which firms can first invest in cost-reducing R&D, then compete on the human-

capital market for employees, and finally enter the product market. They showed

that innovation incentives are stronger for endogenous spill-overs and under quantity

competition.

Bucci (2003) developed an R&D-based growth model to evaluate the long-run

consequences of imperfect competition with human capital accumulation. He exam-

ined how product market power affects the allocation of human capital and economic

growth. He also examined the relationship between product market competition and

growth within a model where the engine of growth is human capital accumulation.

Garlappi (2004) analysed the impact of competition on the risk premium of R&D

ventures engaged in a multiple stage patent race with technical and market uncer-

tainty. He solved the problem in closed form for the case of a two-stage race in

continuous time, and modelled the patent race as a stochastic, non-cooperative game

with technical and systematic uncertainty. He also derived a relative measure of the

riskiness of a venture during the race, and analysed its dynamics in different stages

of development as well as within different industry structures. Garlappi gave two

particular Hamilton-Bellman-Jacobi equations for two competitive firms with rela-

tive parameters from each other, which evaluate the values and precise investment

times for both firms.

Ishibashi and Matsumura (2005) investigated a mixed market where a welfare-

maximising public research institute competes against profit-maximising private firms.

They also investigated R&D competition by using a standard model of patent races

where each firm chooses both its innovation size and R&D expenditure in a pure

market. They found that the public institute should choose a larger innovation and

smaller R&D spending than the welfare-maximising level. Moreover, their results

implied that the government should determine R&D and should give the research

institute strong incentives beyond the welfare-maximising innovation size.

Matsubara (2005) developed a model of R&D competition between domestic and

foreign firms that explicitly incorporates the effect of the market structure. They

concentrated on how differences in production costs between domestic and foreign

firms affect a domestic firm’s R&D investment in an oligopoly. They also showed

that trade policies can influence the R&D investment.
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2.5 Aims of this thesis

Many of the articles in this chapter treated investment and R&D projects per-

petually, using analytical solutions derived from time-independent equations, which

have difficulty evaluating projects with different expiry dates. In contrast, in the

remaining chapters, we extend the Bellman equation to include full time variation,

and use numerical methods to solve the resulting partial differential equations.



Chapter 3

Numerical Methods

Numerical methods play a significant role in option valuations. In the context

of partial differential equations (PDEs), the emphasis in this thesis, such methods

give solutions to evaluate the values of many different classes of options. To treat

nonlinearity, iteration methods must also be employed to calculate the values of

options (such as those involving free boundaries).

This chapter describes two fast, accurate and efficient numerical methods, the

quadrature method and the Crank-Nicolson method. The quadrature method (also

referred to as the QUAD method in this thesis) was developed by Andricopoulos,

Newton, Duck and Widdicks (2003, 2004) as a novel, simple and widely applicable

numerical approach for option pricing. It is based on numerical quadrature, using

a number of nodes, which are freely changeable in position at every time step. It

processes backwards from maturity and requires just one time step between observa-

tions. Mathematically, it is a perfect multi-nomial tree method for Black-Scholes-type

partial differential equations.

The Crank-Nicolson method, on the other hand, is a finite-difference based method,

working on the difference approximations of the partial derivatives (see e.g. Wilmott

et al. (1999)). It takes the partial derivatives mid-way between time steps, and it is

an average between a fully implicit and a fully explicit method. The standard method

employed in this thesis uses the five closest nodes to each node. It is generally superior

to other finite-difference methods such as explicit or implicit methods. The Crank-

Nicolson method is used in this thesis in conjunction with the Projected Successive

52
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Over-Relaxation (PSOR) method, which is an efficient iteration procedure.

This chapter is organised as follows. Section 3.1 gives the calculation details for

the QUAD method for solving valuation equations, employing Simpson’s rule for

approximating integrals, and the Newton-Raphson method for iterations (when early

exercise is considered). Section 3.2 introduces the Crank-Nicolson method. Section

3.3 compares the two different numerical methods, and illustrates the advantages and

shortcomings of both methods. Section 3.4 summarises the chapter.

3.1 The QUAD method

The QUAD method (Andricopoulos et al. (2003, 2004)) is an efficient and widely

applicable numerical approach for option pricing. It has some similarities with a

flexible multi-nomial lattice method, and is faster and much more accurate than

other methods. The QUAD method is extremely fast in calculation because it uses

just one time step between observations, and it is more accurate because it can use

high order approximation (quadrature) formulae. It could be regarded as the perfect

tree method in option valuations.

3.1.1 The form of the QUAD method

Consider the Black-Scholes partial differential equation

∂V

∂t
+

1

2
σ2S2∂2V

∂S2
+ rS

∂V

∂S
− rV = 0, (3.1)

where V is the value of the option, S is the current value of the underlying asset, r

is the risk-free interest rate, and σ is the volatility of the underlying asset, which is a

measure of the standard deviation of the returns. Let E be the exercise price of the

option, and denote

x = log(St/E), y = log(St+∆t/E), (3.2)

where ∆t is the time interval between two time steps, then the numerical solution,

which evaluates the value of the option V at time t on an underlying asset St, is given
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by (Andricopoulos et al. (2003, 2004))

V (x, t) = A(x)

∫ ∞

−∞
B(x, y)V (y, t + ∆t)dy, (3.3)

where

A(x) =
1√

2σ2π∆t
e−

1
2
kx− 1

8
σ2k2∆t−r∆t, (3.4)

B(x, y) = e−
(x−y)2

2σ2∆t
+ 1

2
ky, (3.5)

and

k =
2r

σ2
− 1. (3.6)

3.1.2 Integral approximation method (Simpson’s rule)

A key element of the QUAD method is that integration can be handled using a

variety of quadrature techniques, chosen for simple convenience or to fit the accu-

racy/convergence of a particular problem; we choose to use Simpson’s rule, which is

an extremely useful and straightforward numerical integration scheme, for approxi-

mating the integral of functions, appropriate to the problems considered in this thesis.

We define the integrand

f(x, y) = B(x, y)V (y, t + ∆t), (3.7)

and divide the integral range [ymin, ymax] into n intervals by a fixed length ∆y, where

ymin and ymax are chosen to be the minimum and maximum values of y used in the

calculation. Then we have

∆y =
ymax − ymin

n
. (3.8)

Summing the area of the individual regions, the approximate value yields the

following expression (Andricopoulos et al. (2003, 2004))

∫ ymax

ymin

f(y)dy ≈∆y

6

{
f(ymin) + 4f(ymin +

1

2
∆y) + 2f(ymin + ∆y)

+ 4f(ymin +
3

2
∆y) + 2f(ymin + 2∆y) + · · ·

+ 2f(ymax −∆y) + 4f(ymax − 1

2
∆y) + f(ymax)

}
.

(3.9)
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For smooth functions the error term associated with this method decreases at a

rate of convergence (∆y)4.

3.1.3 Application to European options

We know that in a European call option, the payoff at the maturity time T , is

max(ST − E, 0), then it becomes E max(ey − 1, 0) in terms of the QUAD method

transformed variables. Thus we have the integrand

f(x, y) = B(x, y)E max(ey − 1, 0). (3.10)

Since the derivative of the final condition for a call option is clearly discontinuous

at the exercise price point ST = E, then it is highly advantageous to split the integral

into two continuous components in order to remove any nonlinearity error in the

calculation, above and below this point.

To evaluate the option value at the present time with the current price of the

underlying asset S0, we define x0 to be the value of x corresponding to this value

x0 = log(S0/E). (3.11)

Then the discontinuity is at y = b = 0. At maturity time we have

ymax = x0 + q, (3.12)

and

ymin = x0 − q, (3.13)

where

q = θσ
√

T , (3.14)

here the value of q obviously determines the values for ymax and ymin, and θ determines

the size of q. In the QUAD method, the value of θ should not be chosen too small

because the exercise price may not be included in a narrow range of y, and the values

in this range could be too one-sided to represent the values at the next time step. On
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the other hand, the value of θ should not be chosen too large either, because this may

cause the interval ∆y to be too big so that it may affect the accuracy of the results.

We have tested a very large number of calculations, and the value θ is recommended

to be in the range of 7 to 20.

When the truncated range of integration is taken to be (ymin, ymax), the num-

bers of steps taken in the ranges (ymin, b) and (b, ymax) are given by the integers

(Andricopoulos et al. (2003, 2004))

N+ =

[
ymax − b

∆y

]
, (3.15)

and

N− =

[
ymin − b

∆y

]
. (3.16)

Since the value of the final condition below b for a European call option is zero,

according to the integral function, this region does not contribute to the option

valuation, and so this region can be disregarded.

Putting these limits into equation (3.3), then the expression for the option value

V (x, t) on a European call option, is

V (x, t) ≈ A(x)

∫ ymax

0

f(x, y)dy, (3.17)

and implementing Simpson’s rule to approximate this integral, we have (Andricopou-

los et al. (2003, 2004))

V (x, t) ≈A(x)∆y

6

[
f(x, 0) + 4f(x,

1

2
∆y) +

N+−1∑
i=1

(
2f(x, i∆y) + 4f(x, (i +

1

2
)∆y)

)

+ f(x,N+∆y)
]
.

(3.18)

Equation (3.18) illustrates the calculation process for the option value in the

QUAD method. In this equation we see that the number of nodes, N++1 in equation

(3.18), is determined by an arbitrary given interval value ∆y. The QUAD method is

able to change the number of nodes by choosing different levels in ∆y, which affects

the number of steps in calculation, to meet the requirement of differing accuracy
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Figure 3.1: Calculation process of a European call option in the QUAD
method

requirements.

Figure 3.1 shows the valuation process for a European call option in the QUAD

method. Unlike most other numerical methods, the QUAD method requires just one

time step for a European call option, because the time interval ∆t is not required to be

small for accuracy (the time integration is performed “exactly”), and the quadrature

method uses many more (y) nodes in one time step than any other lattice methods,

which generally use just two or three nodes so that it exhibits high accuracy.

For a European put option, the payoff at the maturity time T is max(E − ST , 0),

then we have the integrand

f(x, y) = B(x, y)E max(1− ey, 0), (3.19)

and since the value of the integral function above b for a put option is zero, then we

have N+ = 0.

The expression for the option price V (x, t) is

V (x, t) ≈ A(x)

∫ 0

ymin

f(x, y)dy, (3.20)

for a European put option, and evaluation then follows the procedure described above
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for a European call option.

3.1.4 Application to Bermudan options

A Bermudan option is one where early exercise is permitted on certain dates dur-

ing the life of the option (Hull (2006)). As the time between permitted exercise dates

is decreased, the limit of an American option is obtained, which may be exercised at

any time during the option life, i.e. an American option can be treated as a Bermudan

option for which the time interval between two consecutive dates tends to zero.

Valuation of a Bermudan put option

For a Bermudan put option, we define Vm to be the value of an option at time

tm, where m = 1, 2, . . . , M denotes the exercise times, and tM is the maturity date.

Then the early exercise condition is

Vm(x, tm) = max[Vm+1(y = x, tm), Em − S], (3.21)

where Em is the exercise price each exercise time (assuming not all the Em are nec-

essarily the same).

The final condition for a Bermudan put option is then written as

VM(x, tM) = max(EM − S, 0), (3.22)

where the price of underlying asset is set to be only related to the exercise price at

the final step

S = EMey. (3.23)

There will be a discontinuity at the point where Vm = Em − S at each time step.

The range of integration is then split into two regions in calculation (as before for

European options). Above this point the option value is given by Vm, and below the

value is given by Em − S.
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Newton-Raphson iteration

Newton-Raphson iteration can be used to determine the free boundary location

bm, which is the critical point between the two regions, at time tm. We use a function

g(x) to determine the free boundary location, that is

g(x) = (Em − EMex)− Vm(x, tm). (3.24)

The value of the free boundary, bm, which is determined by g(bm) = 0, may be

solved using Newton-Raphson iteration (Andricopoulos et al. (2003, 2004)), and the

initial values for both bm and ∆bm are guessed, then we obtain an updated value b∗m

which is given by

b∗m = bm + ∆bm. (3.25)

The values of g(bm) and g(b∗m) are calculated using equation (3.24), and a new

∆b∗m, which replaces ∆bm, is given by the Newton-Raphson method

∆b∗m =
−∆bmg(b∗m)

g(b∗m)− g(bm)
. (3.26)

The iteration process runs repeatedly until the value of g(b∗m) is sufficiently small,1

and it is also terminated if the discontinuity point is out of the integration range of

the underlying asset, (yminm , ymaxm), at the m-th time step.

The upper and lower boundaries for the final time step, which are derived from

equations (3.12) and (3.13), are given by

ymaxM
= x0 + qm, (3.27)

and

yminM
= x0 − qm, (3.28)

where

qm = θσ
√

tm, (3.29)

1In my calculation of Newton-Raphson iteration, the iteration is terminated when g(b∗m) is less
than 10−5.
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and basically, as we have analysed before, here qm determines the width of the range

for the final step, and for accuracy, the coefficient θ should be greater than 7 and no

more than 20 (as before).

We then denote

q∗ = θσ
√

δtm, (3.30)

for each value of x at the m-th time step with the same coefficient θ, and we also

define

xi = bm + iδy, (3.31)

to be the i-th node at m-th time step, then the integral for each individual xi only

needs to be extended over the range [xi − q∗, xi + q∗].

If the integer values of i at time tm corresponding to this range are

i+ =

[
xi − bm+1 + q∗

δy

]
, (3.32)

and

i− =

[
xi − bm+1 − q∗

δy

]
, (3.33)

and we let

N+
m =

[
ymaxm − bm

δy

]
, (3.34)

and

N−
m =

[
yminm − bm

δy

]
, (3.35)

then Simpson’s rule is used to integrate across the number of nodes, i, which lie

between the range max(i−, N−
m) and min(i+, N+

m). If the length of interval ∆y is

chosen too large, then the results will be inaccurate, so the interval ∆y should always

be chosen smaller than
√

∆tm
4

(Andricopoulos et al. (2003, 2004)).

If the discontinuity is not in the range (ymaxm , yminm), then all the values in this

range are given by either Vm or Em − EMey, and so there is no need to split the

integral into two components.
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Figure 3.2: Calculation process of a Bermudan put option in the QUAD
method

Calculation using the QUAD method

For the calculation of the first time step before maturity date, we have bM = 0

at the point where S = EM , so the value of a Bermudan put option, VM , above

this point is equal to zero, and VM below this point is equal to EM − S. Then, for

the calculation for the m-th time step, above the free boundary bm, the option value

Vm(y > bm, tm) = Vm(y = x, tm), which is calculated by the integral of the nodes from

the next time step, and below bm, the value Vm(y ≤ bm, tm) = Em − EMey, which

is the option value for early exercise at this time step (Andricopoulos et al. (2003,

2004)). Continuing using the QUAD method, then we have

Vm(x, tm) ≈A(x)

∫ ymaxm−bm

bm

B(x, y)Vm(y > bm, tm)dy

+ A(x)

∫ bm

yminm−bm

B(x, y)(Em − EMey)dy.

(3.36)

Figure (3.2) illustrates the calculation process for a Bermudan put option. There

should be a number of time intervals in the calculation, but for simplicity, we show just

two time intervals in figure (3.2) for illustrative purposes. The calculation between T1

and T2 represents the valuation of the final step, and the calculation between 0 and
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T1 represents the valuation of any time step before the maturity date. The values

of V2 at time T2 are from the payoff condition for a put option, in which above the

boundary bM , V2(T2) = 0, and below the boundary, V2(T2) = EM(1− ey). The values

of V1 at time T1 are from the maximum values of the discount values V2 of the next

time step and Em − EMey. Then above the boundary bm, we have V1(T1) = V2(T1),

and below the boundary, since the option is early exercised, V1(T1) = Em − EMey.

Bermudan call option

A Bermudan call option on an underlying paying no dividends (or other cash

outflow) has the same value as the equivalent European call option. At any time

step before expiry date, the values of a Bermudan call option are always greater

than the intrinsic value. This is a standard result, though usually demonstrated in

textbooks for American options (Hull (2006)). In some special situations, for instance,

Bermudan call options with dividends, or with changeable exercise price, the option

values can drop below the exercise price, then early exercise may become optimal.

As noted earlier, if we increase the number of time steps in valuing Bermudan

options, then a Bermudan option will approach the value of an American option.

This is easy to deal with it in QUAD method by using a small interval ∆t in time,

and the more steps used, the more accurate (compared with the American value) the

option value we can get, although the longer the calculation will take, and so to keep

the balance of accuracy and calculation time, 100 time steps have been used in the

calculation of American options.

3.2 The Crank-Nicolson method coupled with the

Projected SOR method

The Crank-Nicolson method is a finite-difference method which may be regarded

as an average of the implicit, and explicit methods, and has a more accurate rate

of convergence than implicit and explicit methods. However, this method is slower

and less accurate than the QUAD method, although the solution of a PDE in the

Crank-Nicolson method can be much easier to perform than using the QUAD method
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in some circumstances.

PSOR is an abbreviation for Projected Successive Over-Relaxation. It is a minor

modification of the Successive Over-Relaxation (SOR) method, which is a method

of solving a linear system of equations (such as resulting from a finite-difference

approximation) derived by using the Gauss-Seidel method (Wilmott et al. (1999)).

The SOR method is an iterative method which starts with a guess for the solution

and improves it using the latest solution values until it (hopefully) converges to the

exact solution.

With the Crank-Nicolson method, partial derivatives are replaced directly by

algebraic approximations.

3.2.1 The Crank-Nicolson method

Finite-difference approximation

The Crank-Nicolson method is one of a family of finite-difference methods, which

was developed by Crank and Nicolson (1947) to reduce the total volume of calculation.

The idea underlying finite-difference methods is to replace the partial derivatives oc-

curring in partial differential equations by algebraic approximations based on Taylor

series expansions about grid points.

The partial derivative ∂V/∂t may be approximated by the limiting difference, as

∆t → 0

∂V

∂t
(S, t) =

V (S, t + ∆t)− V (S, t)

∆t
+ O(∆t). (3.37)

Since the differencing is in the forward t direction, the finite-difference approxi-

mation in equation (3.37) is called a forward difference. The rate of convergence of

this approximation is O(∆t).

We also have the other approximation

∂V

∂t
(S, t) =

V (S, t)− V (S, t−∆t))

∆t
+ O(∆t) (3.38)

for ∂V/∂t, which is called a backward difference.

In order to obtain a more accurate approximation, we can define a finite-difference
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approximation for the S-partial derivative

∂V

∂S
(S, t) =

V (S + ∆S, t)− V (S −∆S, t)

2∆S
+ O

(
(∆S)2

)
(3.39)

for ∂V/∂S, and we call this approximation a central difference, which has a rate

O((∆S)2) of convergence.

For the second partial derivative ∂2V/∂S2, we can define a symmetric finite-

difference approximation

∂2V

∂S2
(S, t) =

V (S + ∆S, t)− 2V (S, t) + V (S −∆S, t)

(∆S)2
+ O

(
(∆S)2

)
, (3.40)

which has a rate O((∆S)2) of convergence.

The Crank-Nicolson finite-difference scheme

The Crank-Nicolson approximation is actually an average of the forward difference

explicit approximation and the backward difference implicit approximation. Then for

a call option on the standard Black-Scholes partial differential equation (3.1) (as a

prototype example)

Then we have the explicit scheme

V (S, t + ∆t)− V (S, t)

∆t
+

1

2
σ2S2

[
V (S + ∆S, t)− 2V (S, t) + V (S −∆S, t)

(∆S)2

]

+ rS

[
V (S + ∆S, t)− V (S −∆S, t)

2∆S

]
− rV (S, t) = 0,

(3.41)

and we also have the implicit scheme

V (S, t + ∆t)− V (S, t)

∆t

+
1

2
σ2S2

[
V (S + ∆S, t + ∆t)− 2V (S, t + ∆t) + V (S −∆S, t + ∆t)

(∆S)2

]

+ rS

[
V (S + ∆S, t + ∆t)− V (S −∆S, t + ∆t)

2∆S

]
− rV (S, t + ∆t) = 0,

(3.42)

where ∆S and ∆t are regarded as non-zero but small quantitives, and

∆S =
Smax

M
, ∆t =

T

N
, (3.43)
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Figure 3.3: Calculation process of Crank-Nicolson method

where M and N are the numbers of points in S and t in calculation. Smax is the

maximum value of S and T is the expiry date.

The average of equations (3.41) and (3.42), the Crank-Nicolson scheme, is

V (S, t + ∆t)− V (S, t)

∆t
+

1

2
σ2S2 × 1

2

[V (S + ∆S, t)− 2V (S, t) + V (S −∆S, t)

(∆S)2

+
V (S + ∆S, t + ∆t)− 2V (S, t + ∆t) + V (S −∆S, t + ∆t)

(∆S)2

]

+ rS × 1

2

[
V (S + ∆S, t)− V (S −∆S, t)

2∆S
+

V (S + ∆S, t + ∆t)− V (S −∆S, t + ∆t)

2∆S

]

− r × 1

2

[
V (S, t + ∆t) + V (S, t)

]
= 0.

(3.44)

Figure 3.3 illustrates the calculation process of the Crank-Nicolson method. The

value of the option at the t-th time step for the price of underlying asset S, V (S, t),

is evaluated using the five nodes neighbouring, the upper and lower nodes from the

current time step and the three closest nodes to it from the next time step t+∆t. Since

the Crank-Nicolson method proceeds backwards, then the values of the three nodes

from the next time step can easily be obtained but there is no straightforward way to

obtain the value of the nodes at the current time step V (S +∆S, t) and V (S−∆S, t).

The resulting system may then be solved using various methods depending on the
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particular problem, such as PSOR (as described below).

Another difference between the QUAD method and the Crank-Nicolson method

is the use of the boundary conditions. In the QUAD method, as with generally

multi-nomial tree methods, all the values are calculated by the integral of numerous

nodes of the next time step, where the boundary conditions are not explicitly applied.

However, in the Crank-Nicolson method, the boundary conditions play a significant

role.

For a (European) call option, we have the upper boundary for the Crank-Nicolson

method at time t (Hull (2006))

V (Smax, t) = Smax − Ee−r(T−t), (3.45)

and on the lower boundary

V (0, t) = 0. (3.46)

For a put option, we have the upper boundary

V (Smax, t) = 0, (3.47)

and on the lower boundary

V (0, t) = Ee−r(T−t). (3.48)

3.2.2 The Projected SOR method

The PSOR method is a modified form of the SOR method, it is an iteration

method that may be usefully implemented into nonlinear numerical solutions for

finite-difference methods, and is frequently used to calculate American-type options

together with the Crank-Nicolson method.2 We denote V k(S, t) as the k-th iterate

for V (S, t), with the initial guess denoted by V 0(S, t). Then the k + 1-th iterate

V k+1(S, t) is calculated by the known V k(S, t) and the PSOR iteration method, and

as k →∞, we assume that V k+1(S, t) tends to V (S, t).

2In this thesis, we only use the Crank-Nicolson method combined with the PSOR method to
calculate American-type options.
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In the Crank-Nicolson/PSOR numerical solution for Black-Scholes equation (equa-

tion (3.44)), we calculate V k+1(S, t) using given V k(S, t), namely,

V k+1(S, t) =
{ 1

∆t
V (S, t + ∆t) +

σ2S2

4(∆S)2

[
V k(S + ∆S, t) + V k+1(S −∆S, t)

+ V (S + ∆S, t + ∆t)− 2V (S, t + ∆t) + V (S −∆S, t + ∆t)
]

+
rS

4∆S

[
V k(S + ∆S, t)− V k+1(S −∆S, t) + V (S + ∆S, t + ∆t)

− V (S −∆S, t + ∆t)
]− r

2
V (S, t + ∆t)

}/[ 1

∆t
+

σ2S2

2(∆S)2
+

r

2

]
.

(3.49)

For an American/Bermudan put option

V (S, t) = max(V k+1(S, t), E − S). (3.50)

In equation (3.49), the PSOR iteration evaluates from the bottom (S = 0) to the

top (S = Smax). The values over the following time step V (S+∆S, t+∆t), V (S, t+∆t)

and V (S −∆S, t + ∆t) are known since the calculation extends backwards from the

final condition reflecting the backward parabolic nature of the partial differential

equation. For the values V (S + ∆S, t) and V (S−∆S, t) at the current time step, we

use the value from the following time step as the initial guess for all the V 0(S, t). Since

V (0, t) is known at every time step from the boundary condition, and the iteration

moves upwards in S, then when we consider calculating V k+1(S, t) in equation (3.49),

we have already known V k+1(S − ∆S, t), for example, we use an updated value

immediately when it becomes available, and thus use the most recent information

regarding V (S −∆S, t).

3.3 Comparison of the two numerical methods

Both the QUAD method and the Crank-Nicolson method are robust numerical

methods for option pricing. They are more accurate than many other methods, with

a rate of convergence of O((∆S)4) for the QUAD method (using Simpson’s rule)

and O((∆S)2) for the Crank-Nicolson method. Each has certain advantages and

shortcomings. Next, the two methods will be compared with each other in a number
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of aspects, and conclusions will also be given for choosing a particular method for a

particular application.

3.3.1 Comparison in calculation speed

This aspect is by far the largest advantage for the QUAD method compared with

other numerical methods. The QUAD method possesses a huge intrinsic advantage

in the time spent in calculation, since the time interval ∆t is not restricted to be

small (for European options), and has good convergence characteristics with regard

to ∆S.

For the Crank-Nicolson method, since the time interval ∆t should be small in

order to accurately approximate the PDE, then a large number of time steps should

be used in the calculation, which greatly affects the calculation speed, even with the

superior variants of the finite-difference technique. Also, using the PSOR iteration

method influences the calculation speed.

3.3.2 Comparison of accuracy

Using Simpson’s rule, the QUAD method has a faster rate of convergence in

O((∆S)4), while the Crank-Nicolson method has the convergence of O((∆S)2). Finite-

difference methods generally have problems dealing with the nonlinearity error in

option values, especially for American options or other exotic options which have

discontinuity points throughout the life of the option. For example, in an American

put option, there is a nonlinear point at every free boundary at every time step, and

in a discrete barrier option we have a similar situation with a discontinuity at every

barrier.

For the Crank-Nicolson method, with a regularly spaced grid, it is likely that the

free boundary in an American put option or the barrier in a discrete barrier option

cannot be located on a node at every time step, even with a fine grid. In other words,

this significant point could be at a position between two nodes. With the QUAD

method, at every time step, the nodes can be placed at nodes to be xi = bm + i∆y,

the free boundary or barrier bm at the m-th time step, which are aligned perfectly

with the grid. Consequently, nonlinearity error does not occur in a calculation using
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the QUAD method.

3.3.3 Comparison of the applications in complicated options

From the comparisons above, we conclude that the QUAD method is likely a

better numerical approach than the Crank-Nicolson method. However, it is based

on the valuation equation of the Black-Scholes partial differential equation (or an

equation that can be transformed into the heat equation). We know that the Black-

Scholes equation is derived from hedging a portfolio of one option and a number

−∂V/∂S of the underlying asset. There are examples of underlying assets that cannot

be hedged (at least not perfectly), because they are not traded in the market, for

instance, an investment in an R&D option, an application of concern in this thesis.

Since the underlying asset is not tradable in some cases, then we are not able

to construct a portfolio to eliminate uncertain components (e.g. the drift rate µ

eliminated using hedging, used by the Black-Scholes equation). The Bellman equation

is used to evaluate the value of a product that cannot be sold, and so this model does

not involve a portfolio of hedging, rather it is supposed that over a short time step

the expected value of the product is equal to the growth of the underlying asset on a

risk-free interest rate. This itself is unsatisfactory and at some stage an adjustment

for risk is bound to be made. Mathematically, the problem comes down to solution

of equations of similar type, be they Bellman or Black-Scholes. The valuations in

this thesis are for the most part on non-tradable investments of projects which are

based on the Bellman model,3 so the QUAD method must adjust the functions A(x)

and B(x, y) to meet the requirements of a non-Black-Scholes equation. On the other

hand, the Crank-Nicolson/PSOR method works directly on the partial derivatives

to transfer into limiting difference approximations. Thus, in this aspect, the Crank-

Nicolson method is of wider application than the QUAD method and is therefore

more flexible.

The expanded Bellman equations in Chapter 4 are similar to the Black-Scholes

equation, the only difference being the coefficient for the first order derivative ∂V/∂S.

Thus, these equations are simple to transform into the heat equation, and so we are

3Chapter 4 is based on an expanded Bellman equation, Chapter 5 and Chapter 6 are based on
an Hamilton-Bellman-Jacobi equation which is derived from the Bellman equation.
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able to exploit the QUAD method to obtain quick and accurate results. However,

the HBJ equations in Chapter 5 and Chapter 6 prove too complicated to transform

into the Black-Scholes form and so we use the Crank-Nicolson method instead.

3.3.4 Numerical examples

Exact solutions

In this section, we will compare the two numerical methods for accuracy and com-

putational time. The comparison will be for both European and American options.

In the comparison of a European call option, we will use the analytical solution

V (S, t) = SN(d1)− Ee−r(T−t)N(d2), (3.51)

as the exact solution (Wilmott et al. (1999)), where T is the expiry date for the call

option, and

N(x) =
1√
2π

∫ x

−∞
e−

1
2
y2

dy, (3.52)

d1 =
log( S

E
) + (r + 1

2
σ2)(T − t)

σ
√

T − t
, (3.53)

d2 =
log( S

E
) + (r − 1

2
σ2)(T − t)

σ
√

T − t
, (3.54)

and in order to obtain very accurate values for American put options, we will use an

modified value Vext through extrapolation (Andricopoulos et al. (2003, 2004))

Vext =
(∆y1)

4V2 − (∆y2)
4V1

(∆y1)4 − (∆y2)4
, (3.55)

as the improved solution, where values V1 and V2 are produced by the QUAD method

with two different step sizes ∆y1 and ∆y2, because the error decreases with (∆y)4

using Simpson’s rule. The improved solution using (3.55) for an American option is

then generally extremely accurate (O(∆y)6).
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S0 100
T 2
σ 0.2
r 0.06
E 95

Table 3.1: Parameters for calculation

QUAD Crank-Nicolson/PSOR
Nodes error elapsed time Nodes error elapsed time
100 3.4828×10−8 0.0049 100 -0.0095 0.3996
200 2.1764×10−9 0.0211 200 -8.5294×10−4 1.5265
500 5.5707×10−11 0.0580 500 -3.6660×10−4 15.7057
1000 3.4497×10−12 0.2094 1000 -2.6085×10−5 102.0555

Table 3.2: Comparison of option values in different methods for a European
call option

Parameters

The parameters used in the calculations in this section are detailed in table 3.1.

Time is measured in years, the maturity of the options evaluated is taken to be two

years. We assume the initial value of the underlying asset S0 to be 100, and the

exercise price E to be a fixed value 95 for European options and at every time step

for American options. The volatility of the asset is 20% per annum, and the risk-free

interest rate is assumed to be 6% per annum.

Results

Table 3.2 illustrates the comparison of error and computational time (in seconds)

in different nodes for the QUAD method and the Crank-Nicolson method with the

exact solution (3.51) for a European call option. In the QUAD method, just one time

step is required in the calculation and in the Crank-Nicolson method we used a fixed

number 200 of time steps. The QUAD method as shown in the elapsed time column

in table 3.2 is faster. We can see that with 1000 nodes in one time step, the QUAD

method is 7.6 × 106 times more accurate than the Crank-Nicolson method, and in

calculation time, the Crank-Nicolson method takes 510 times longer than the QUAD
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QUAD Crank-Nicolson/PSOR
time steps error time steps error

50 0.0179 50 3.7574×10−4

100 0.0081 100 1.1049×10−4

200 0.0031 200 4.9760×10−5

500 -3.8898×10−7 500 4.0630×10−5

Table 3.3: Comparison of option values in different methods for an Ameri-
can put option
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Figure 3.4: Free boundary calculated by the QUAD method for an Ameri-
can put option

method, which requires only 0.2 seconds.

Table 3.3 shows a comparison between the QUAD method and the Crank-Nicolson

method in error using different time steps in observation for an American put option.

We use 200 nodes for each time step in both methods, and 50 to 500 time steps; other

parameters used in this table are detailed in table 3.1. We use the improved solution

(3.55) with ∆y1 = 0.01 and ∆y2 = 0.0067 as the exact solution in this comparison.

Figure 3.4 illustrates the location of the free boundary with time for an American

put option calculated using the QUAD method. The number of time steps is set to

be 500 and the number of nodes is set to 500. Figure 3.5 illustrates the free boundary
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Figure 3.5: Free boundary calculated by the Crank-Nicolson method for an
American put option

with time for an American put option calculated using the Crank-Nicolson method

with 500 time steps and 500 nodes. The free boundary curve in figure 3.5 is not

smooth because the free boundary point for each time step may not lie exactly at the

points we used in the Crank-Nicolson method, and so an approximate value must be

calculated using the nearest points to the free boundary.

3.4 Summary

This chapter describes two robust and efficient numerical methods, the QUAD

method (Andricopoulos et al. (2003, 2004)) and the Crank-Nicolson method (Crank

and Nicolson (1947)) coupled with the PSOR iteration method (to treat early exer-

cise); both techniques will be used extensively in later chapters of this thesis. The

QUAD method uses only a single time step (for a European option), which makes

this method faster and more accurate in calculation. On the other hand, the Crank-

Nicolson/PSOR method is a finite-difference based method which has the advantage

that it works directly on the partial derivatives of the equations, and is more widely

applicable than the QUAD method.



Chapter 4

Valuation of investments in

competition

In the commercial world, firms may face competition when they make decisions

on investment projects, and the decisions are often influenced by the competitive

environment. The investments, however, can be regarded as real options, with which

they have some similarities (Trigeorgis (1996)), because in both cases the asset price

can be modelled using geometric Brownian motion and the cost of investment can

be regarded as the exercise price of an option. In this chapter, we consider a two-

firm competition scenario, where a firm fears that the rival may seize an advantage by

investing first (Lambrecht and Perraudin (2003)). In this situation, the firms compete

with each other in order to be the first to enter the market with a successful project

and gain a monopoly position, occupying the market before the second firm enters.

A number of articles have dealt with the issue of competition. Among them, Har-

ris and Vickers (1985) developed a model for two players competing for an indivisible

prize. Spatt and Sterbenz (1985) analysed an investment project in a multi-firm

competition framework. Fudenberg and Tirole (1986) and Boyer, Lasserre, Mariotti

and Moreaux (2004) developed a duopoly model to determine the optimal timing of

exiting a market. Lieberman and Montgomery (1988) surveyed theoretical and em-

pirical research on first mover firms in competition. Leahy (1993) showed competition

does not affect the timing of irreversible investment decisions. Williams (1993) anal-

ysed competition in developing real assets. Grenadier (1996) analysed option exercise

74
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strategies, and later Grenadier (1999) analysed option exercise policies and later still

Grenadier (2002) analysed investment strategies in a game equilibrium framework.

Kulatilaka and Perotti (1998) investigated the decision to make an irreversible invest-

ment under imperfect competition. Cvsa and Gilber (2002) examined the trade-off

between strategic commitment and operational flexibility in competition. Paxson

and Pinto (2003) used two stochastic factors in a duopoly using game theory, whilst

Keppo and Lu (2003) discussed competition on the power plant investment opportu-

nity. Morellec and Zhdanov (2005) developed an equilibrium framework for merging

firms in competition and imperfect information. Recently, Smit and Trigeorgis (2006)

have analysed prototypical investment opportunities using competitive games.

Lambrecht and Perraudin (2003) introduced competition in the valuation of in-

vestments on projects with a hazard rate, which defines the threat from the rival

in a two-firm competition framework. To evaluate competitive investment projects

with this approach, we must follow one of the most basic continuous-time models of

irreversible investment, which was first developed by McDonald and Siegel (1986),

that a single firm will not choose to invest until the project value reaches a critical

value that exceeds the cost of the investment. The critical value, which is called the

trigger value, is defined by Dixit and Pindyck (1994) such that above this value the

firm will invest, and below the firm will wait. Dixit and Pindyck (1994) evaluated the

project value and trigger value by using the Bellman model and derived analytical

solutions, in which the project is supposed to be perpetual.

Lambrecht and Perraudin (2003) developed this investment model into a two-

firm competition, and introduced the concept of the hazard rate, which measures the

fear of the preemption by the rival that influences the investment decision of a firm

which wants to be the first entering the project. However, the fear of the competition

also means that if a firm wishes to invest first, it will always acquire a first mover

advantage, so it requires a much lower trigger value than one involving a single firm

investing in a monopoly market; the firm will have more opportunity to enter the

future market earlier if it does invest first.

Dixit and Pindyck (1994) also briefly analysed competition. They define the firm

which enters the project first as the leader, where the leader will always have a higher

share of the future market and sell a higher number of units, because it will finish the
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project ahead of the follower. If both firms use the same strategy, and determine the

hazard rate of its rival at the same level, then the two firms may have the same trigger

value if they have the same initial conditions. Paxson and Pinto (2003) discussed this

situation and assumed that when the trigger is hit, the leader will be determined by

a discussion between the two competitive firms, or alternatively, by a toss of a coin.

At this point both firms have a 50% chance of being a leader to obtain competitive

advantage, which illustrates that the winner will be the leader entering the project

and the follower will wait until its trigger is hit; however, the follower’s trigger value

is at the same level of a single firm.

There have been no studies which follow the Bellman model that evaluate invest-

ments on projects, allowing for time variation. We will add a time variation into the

original Bellman equation (Dixit and Pindyck (1994)), and develop a modified Bell-

man equation, and calculate the project value and trigger value, which are treated

as special American call options, with numerical solutions obtained by the QUAD

method. Results will be given for the project value and trigger value to show the

difference between the two (previous and new) valuation models.

This chapter is organised as follows. Section 4.1 discusses the literature based

on the original Bellman model, the valuation of the investment by a single firm, and

the valuation of the investment involving competition between two firms. Section

4.2 introduces the original Bellman model which is used to evaluate investments,

and develops a modified Bellman model which includes time variation; this section

also presents results calculated via numerical and analytical solutions. Section 4.3

introduces the model evaluating the value of the project and the optimal investment

time for the leader in competition; this section also gives the details of calculation

methods and presents a number of numerical results. Section 4.4 summarizes the

chapter.

4.1 Related literature

McDonald and Siegel (1986) studied the optimal timing of investment in an ir-

reversible project where the price of the product produced by an invested project

and the investment cost follow continuous-time stochastic processes. They developed
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the optimal investment rule and an explicit formula for the value of the investment

by assuming the investment is valued by risk-averse investors. McDonald and Siegel

(1986) derived an investment strategy in which it is optimal to invest when the ben-

efit (or the price of the product) is much more than the investment cost. In this

paper they presented a general model of investment and applied the model to real

investment problems. They also concluded that, for reasonable parameters, it is op-

timal to postpone the investment until the present value of the price from a project is

twice the investment cost. The present value of the benefit and the investment cost

follow geometric Brownian motion in this model, and results were given by analytical

solutions.

Dixit and Pindyck (1994) followed the Bellman model to calculate the project

value and trigger value. They indicated that the ability to delay an irreversible in-

vestment expenditure can affect the decision to invest, and they claimed (though they

were not the first) that the net present rule “Invest in a project when the present

value of its expected cash flows is at least as large as it cost” is incorrect because it

ignores the effect of waiting for new information concerning the investment. They

gave results based on analytical solutions and the Bellman equation, but only dis-

cussed competition briefly. They developed a particularly simple example based on

Smets (1991) model with game theory and Nash equilibrium in a two-firm competi-

tion framework, and calculated the values of the two firms which are defined as the

leader (the winner of the competition) and the follower (the loser of the competition)

respectively, by analytical solutions.

Paxson and Pinto (2003) presented two different real options models with two

stochastic factors considering strategic interactions in a duopoly using game theory.

They assumed that the first mover has a competitive advantage over the second

mover. An important assumption in this article is that they assumed that the leader

would be determined by a toss of a coin if both firms enter the investment at the same

time, which still keeps the first move advantage for one firm in this situation. They

used closed-form solutions derived from ordinary differential valuation equations for

the leader and the follower.

Lambrecht and Perraudin (2003) introduced incomplete information and preemp-

tion into an equilibrium model of firms facing real investment decisions. They used



CHAPTER 4. VALUATION OF INVESTMENTS IN COMPETITION 78

a Bellman model (1957), as developed by Dixit and Pindyck (1994), to evaluate the

values of the follower and leader in competition. In this model, they added a hazard

rate α, which measures the fear of competition from its rival, and leads the leader

to change the investment time, into the analytical solutions to calculate the project

value and trigger value for the leader. Their model also implied that the equity re-

turns of firms, which hold real options and are subject to preemption, will contain

jumps and positive skewness.

4.2 The Bellman model

4.2.1 The basic model

In a continuous-time model of irreversible investment, which was originally de-

veloped by McDonald and Siegel (1986), investors must decide whether and when to

invest in a project. McDonald and Siegel (1986) demonstrated that investors would

and should invest when the price of product produced by the project is at least as

high as a critical value which exceeds the investment cost. Under this optimal invest-

ment rule, investors will have a high probability to receive a positive profit on the

project under uncertainty.

In order to evaluate the value of the project and the critical point in the price

of the product (referred to as the trigger or free boundary in this chapter), it is

important to develop a dynamic valuation model. Dixit and Pindyck (1994) used a

simple Bellman model to calculate the project value and trigger value. The Bellman

model is based on the assumption that over a short time period dt, the total return

on the value of the project in a risk-free interest rate, is equal to the expectation of

the increasing value of the project value, dV (Dixit and Pindyck (1994)), so we have

the expectation

E[dV ] = rV dt, (4.1)

where V is the value of the project, and r is the risk-free interest rate.

The Bellman equation, as given by Dixit and Pindyck (1994)

1

2
σ2S2d2V

dS2
+ µS

dV

dS
− rV = 0, (4.2)
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µ is risk neutral drift rate, and r > µ > 0 (a derivation of an extended version of this

equation is given below).

Equation (4.2) is the original Bellman equation which is widely used in the calcu-

lation of investments and real options without tradable underlying assets. Since this

equation is an ordinary partial differential equation with no time variation, it may

be regarded as modelling perpetual options.

4.2.2 The modified Bellman equation

The Bellman equation (4.2) is popular as the valuation equation of investments

in many articles (and books) because it can be solved easily by analytical solutions.

In the real world, although firms might be idealised as perpetual, a project must

generally have a maturity date. For example, if a company obtains a two-year license

or contract in exploiting an oil field from the government, then after two years, the

company will no longer have the right to exploit oil. In this case, the values of the

project for different lengths of contract, should certainly be different; in other words,

a long term contract must be worth more than a short term contract in an investment

project such as an oil exploitation project.

In the original Bellman equation (4.2), it is not possible to distinguish the differ-

ence between two projects with different expiry dates, because of this lack of time

dependence. Here we consider a modified equation, which can evaluate the project

values with different maturity dates.

We expand the increment value of the project, dV , over a short time period dt,

using Itô’s lemma, we have

dV = σS
∂V

∂S
dZ +

(
µS

∂V

∂S
+

1

2
σ2S2∂2V

∂S2
+

∂V

∂t

)
dt, (4.3)

where σ is the volatility, r is the risk-free interest rate and dZ is a Wiener process.

Substituting dV with the expression in equation (4.3) into the Bellman model (4.1),

then we have

E[dV ] = σS
∂V

∂S
E[dZ] +

(
µS

∂V

∂S
+

1

2
σ2S2∂2V

∂S2
+

∂V

∂t
dt

)
. (4.4)
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Since the Wiener process dZ has a mean of zero, then we have E[dZ] = 0, and

equation (4.3) becomes

E[dV ] =

(
µS

∂V

∂S
+

1

2
σ2S2∂2V

∂S2
+

∂V

∂t

)
dt. (4.5)

Substituting equation (4.5) into (4.1), after dividing by dt on both sides, we have

a modified Bellman equation which includes time variation

∂V

∂t
+

1

2
σ2S2∂2V

∂S2
+ µS

∂V

∂S
− rV = 0. (4.6)

This modified Bellman equation (4.6) is analogous to the Black-Scholes equation,

the difference being with the coefficient of ∂V/∂S namely, that the modified Bellman

equation uses the drift rate µ instead of the discount rate r. This is because the

Bellman model does not hedge the underlying asset so that the drift rate cannot

be eliminated. It allows the modified Bellman equation to evaluate the values of

investments or real options without tradable characteristics.

4.2.3 Solutions of optimal investment by a single firm

We assume that there exists a single firm with the probability to invest a sum I on

equipment and salaries to exploit oil (for example) with a five-year license. Under the

license (for example), the firm has the right to start exploiting oil whenever it likes

during the period of five years, and the optimal investment date, the critical point

which triggers the firm to invest, is determined by the modified Bellman equation

(4.6). Actually, the valuation of the value of the project, namely, the value of the

license, is similar to the valuation of an American option which may be exercised

before maturity.

Since the expected value of the price of the product, S, grows at the rate µ, then

we have E[S(t)] = Seµt at a future time t. Otherwise, the future values are discounted

at the risk-free rate r (r > µ) so that we have the expected present value (EPV ) of

the project (assuming that the current time is t = 0)

EPV (S) =

∫ t

0

Seµte−rtdt. (4.7)
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If t → ∞, then the expected present value for the current price S is (see Dixit and

Pindyck (1994))

EPV (S) =

∫ ∞

0

e−rtE[S(t)]dt = S

(
e(µ−r)t

µ− r


t=∞

− e(µ−r)t

µ− r


t=0

)
=

S

r − µ
. (4.8)

The Analytical solution for the original Bellman equation with no time

variation

Most of the articles seeking economic insight in this line of research (exemplified

by Dixit and Pindyck (1994)) have used the original Bellman equation together with

the analytical solution derived from this equation to evaluate the values of the in-

vestments. Basically, they evaluated investment projects using equation (4.2) with

the boundary condition

V (0) = 0, (4.9)

and with the value-matching condition

V (S∗) = EPV (S∗)− I, (4.10)

and the smooth-pasting condition

V ′(S∗) = EPV ′(S∗), (4.11)

at the trigger point S∗, where I is the investment cost which is assumed to be a fixed

value. This gives the general solution (Dixit and Pindyck (1994))

V (S) = A1S
β1 + A2S

β2 , (4.12)

where A1 and A2 are constants to be determined, and β1 and β2 are the two roots of

the quadratic equation

1

2
σ2β2 +

(
µ− 1

2
σ2

)
β − r = 0, (4.13)
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where

β1 =

(
1

2
− µ

σ2

)
+ σ

√(1

2
− µ

σ2

)2

− 2r, (4.14)

β2 =

(
1

2
− µ

σ2

)
− σ

√(1

2
− µ

σ2

)2

− 2r. (4.15)

Since equation (4.13) has one positive root (named β1, β1 > 1) and one negative

root (named β2), then the boundary condition (4.9) implies that A2 = 0, which leaves

the solution (4.12) to be simply

V (S) = A1S
β1 . (4.16)

The value-matching and smooth-pasting conditions then become

A1S
∗β1 =

S∗

r − µ
− I, (4.17)

and

β1A1S
∗β1−1 =

1

r − µ
. (4.18)

These two conditions give the value of A1 that

A1 =

(
S∗

r − µ
− I

)(
1

S∗

)β1

, (4.19)

and the value of the trigger S∗, which determines the optimal investment time for

investors

S∗ =
β1

β1 − 1
(r − µ)I. (4.20)

Then we have the analytical solution for the Bellman (ordinary) differential equa-

tion (4.2) as follows

V (S) =

(
S∗

r − µ
− I

)(
S

S∗

)β1

. (4.21)

The Numerical solution for the modified Bellman equation

We generate a numerical solution for the modified Bellman equation (4.6) incor-

porating time variations. In the oil exploitation project, when the contract expires,

the firm will either start exploiting and receive the EPV of the oil price or give up
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the project and benefit nothing. This gives us the final condition for equation (4.6)

from equation (4.8), namely that

V (S, T ) = max(EPV (S)− I, 0) = max

(
S

r − µ
− I, 0

)
. (4.22)

The final condition (4.22) for the investment project is a type of a call option, and

since investors can choose to invest at any time during the period of the contract,

the whole project then can be regarded as a call option with early exercise. Also,

the modified Bellman equation (4.6) has some similarities with the Black-Scholes

equation, such that we may use the QUAD method, which has proven quick and

accurate, to calculate the values of the project and the free boundaries. As discussed

in Chapter 3, the QUAD method works well with the Black-Scholes type equations.

It uses any convenient quadrature methods, such as Simpson’s rule, integrating the

nodes at every time step.

However, the modified Bellman equation (4.6) is slightly different from the Black-

Scholes equation, which has µ instead of r in the coefficient of ∂V/∂S. So in the

modified Bellman equation, since the function (3.4) is obtained by transforming the

Black-Scholes equation into the heat equation, we then have the same A(x) function

(3.4) for the modified Bellman equation (4.6) and the same B(x) function (3.5) for

equation (4.6). However, we have a different form for the parameter k in equations

(3.4) and (3.5), with the discount rate r replacing the drift rate µ, so that

k =
2µ

σ2
− 1. (4.23)

During the time period before the contract expires, the firm can choose to invest

immediately or wait. The optimal critical point between investing and waiting is given

by the free boundary S∗(t) at time t, which is the critical point between investing

and waiting and is determined by the value-matching condition

V (x∗(t), t) =
x∗(t)
r − µ

− I, (4.24)

where

x∗(t) = log(S∗/I), (4.25)
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and at the point x∗(t) of the t-th time step, the value for waiting (the left hand side

of equation (4.24)) is equal to the value for investing (the right hand side of (4.24)).

x∗(t) then is calculated by the Newton-Raphson iteration with an initial guess (e.g.

x∗0(t) = 0), in a similar manner to that described in Chapter 3.

4.3 Valuation in competition

Before evaluating competition in a two-firm framework, we should introduce some

definitions and assumptions first. There are two firms, firm i and firm j, competing

to be the first to invest in a project. The winner (or leader) in the competition,

will be investing in the project earlier at a lower critical threshold, and will obtain a

monopoly position before the rival joins the investment. The loser of the competition

(the follower), will be investing after the leader and at the level of the trigger value

investing as a single firm (Dixit and Pindyck (1994)). After the two firms enter the

investments on the same project, the environment becomes a duopoly, but since the

leader has a higher probability of finishing the project first, and entering the future

market with a dominant position, then being a leader is a very significant aim for the

two competing firms.

Since the optimal investment time is determined by the trigger value, then in order

to invest first, the leader must ensure that he/she has a much lower investment trigger

than the follower. The hazard rate, which demonstrates the competitive threat from

the rival (Lambrecht and Perraudin (2003)), is then used to adjust the trigger value

of the leader. However, both firms have the opportunity to be the leader. At the

beginning, each firm assesses the hazard rate of its rival by itself and considers it as

an additional component in the Bellman model, and evaluates the trigger value and

project value by using the Bellman model with the hazard rate.

We assume that the two competitive firms use the same valuation model if they

have the information about each other, and furthermore if the hazard rates are known

as well, then each firm knows the value of the trigger of its rival, and the position

of the leader could even be decided before investment without competition by the

two firms. If the hazard rates are not known publicly, namely, each firm is unable to

evaluate the trigger value of its rival, the leader will be decided just when the price
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hits the lower trigger value, and the firm with this trigger value invests immediately.

Meanwhile, the other firm cancels its competitive plan and invests as the follower with

a normal trigger value. If no information is known by either, the firms can either use

their own information, instead of the rival’s, or guess the rival’s information to assess

the hazard rate.

Finally, there exists a particular situation when the two firms may invest together.

For instance, all the information, including the hazard rates, are the same, which leads

to the same trigger value for both firms, or the current price is high enough that it is

beyond the trigger values of both firms. This abnormal situation could be resolved

by a discussion between the two firms or by a toss of a coin to decide which firm will

be the leader (Paxson and Pinto (2003)).

4.3.1 Valuation of the follower

Since the follower invests as a single firm at the normal trigger value, the valuation

of the follower is then the same as that in section 4.2.3. The calculation is based on

a modified Bellman equation using a numerical solution.

We use the QUAD method to calculate the project value and trigger value of this

American-type call option. Figure 4.1 shows the values of free boundaries calculated

numerically when the expiry date, T , is ten years. Figure 4.2 is the comparison

of the project value obtained by numerical solution, which is time-dependent, and

the analytical solution, which is perpetual and time-independent, for different expiry

dates of T = 5, 10, or 20 years and the time interval between two steps δt = 1 month.

From this figure we can see that when the maturity is varied, the results calculated

by numerical solution (the bottom three curves) are quite different. Note that, as

expected, when the length to maturity increases, the project value approaches the

results from the analytical solution (the top curve), calculated by assuming the time

to be perpetual (Dixit and Pindyck (1994)). Other parameters for figures 4.1 and 4.2

are µ = 0, σ = 0.2, r = 0.06, and I = 95.
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4.3.2 Valuation of the Leader

Analytical solution

There is little literature incorporating time variation in the valuation equation

based on the Bellman model, although Berk et al. (2004) partially used time variation

in the investing phase of a project (see Chapter 5 for details). However, it is of interest

to introduce the analytical solution for the leader prior to a numerical solution in

which time variation is addressed.

Assume that there are two firms, firm i and firm j, preparing to invest in a project.

Further, we denote firm i to be the leader and firm j to be the follower; then the

value of the leader, which fears preemption by the other firm, is given by an analytical

(perpetual) solution (Lambrecht and Perraudin (2003))

VL =





S
r−µ

− Ii, for S ≥ S∗L,
(

S∗L
r−µ

− Ii

)(
S
S∗L

)β1 1−Fj(S
∗
L)

1−Fj(S)
, for S < S∗L,

(4.26)

where Fj(x) is a distribution, Ii is the investment cost for firm i, which is supposed

to be a fixed value, β1 is the positive root of the equation

1

2
σ2β2 +

(
µ− 1

2
σ2

)
β − r = 0, (4.27)

and the trigger value S∗L is given by

S∗L =
β1 + α

β1 − 1 + α
(r − µ)Ii, (4.28)

here α ≥ 0 is denoted as the hazard rate, which measures the fear of the rival in

competition and is given by (Lambrecht and Perraudin (2003))

α =
SF

′
j (S)

1− Fj(S)
. (4.29)

From equation (4.28) we can conclude that the larger the hazard rate, the lower

the trigger value of the leader will be. However, increasing the value of the hazard

rate could decrease the level of the trigger value, which could also reduce the value
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of the project. In other words, the benefit obtained will be less if the firm chooses

to invest earlier at a lower level of the trigger value. Hence in competition a firm

should take the value of the project into account while it increases the hazard rate

to gain the first mover position (the financial model will be constructed later in this

section). If the value of the project is too low for the trigger value determined by

a large hazard rate, the firm should not invest, even if it could become the leader,

because the benefit from leadership may not be sufficient to equalize the loss from

the value of the project.

We can use a simple distribution, called the Pareto distribution, to calculate the

leader’s value (Lambrecht and Perraudin (2003)). The Pareto distribution, which is

named after the economist Vilfredo Pareto, is described as

F (x) = 1−
(

θ

x

)α

, (4.30)

where

θ = min(x), (4.31)

and the shape parameter α > 0.

Then we have the perpetual analytical solution for the project value of the leader

under the Pareto distribution

VL =





S
r−µ

− Ii, for S ≥ S∗L,
(

S∗L
r−µ

− Ii

)(
S
S∗L

)β1
(

S
S∗L

)α

, for S < S∗L.

(4.32)

Time-dependent valuation equation for the leader

Since Lambrecht and Perraudin (2003) did not provide the valuation equation

for evaluating the leader, we first generate a time-independent equation using the

analytical solution (4.32), in order to construct the model and the time-dependent

equation for the leader.

We recall that the original Bellman model (4.1) indicates that the expected growth

in the value of the project over a sufficiently short time interval dt, is equal to the

growth of the value at a risk-free interest rate r. Since investing earlier at a lower

trigger value could affect the value of the project, then we add a number ∆ as a rate
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onto the value of the project to measure the influence on the benefit over a short time

interval. Then we have the expectation

E[dV ] = rV dt + ∆V dt, (4.33)

for the leader. According to Dixit and Pindyck (1994), we have a time-independent

equation corresponding to the analytical solution (4.32)

1

2
σ2S2d2V

dS2
+ µS

dV

dS
− (r + ∆)V = 0. (4.34)

Since in the analytical solution (4.32), the value β1 +α should be the positive root

of the quadratic equation which is derived from equation (4.34) (Dixit and Pindyck

(1994))
1

2
σ2β2 +

(
µ− 1

2
σ2

)
β − (r + ∆) = 0, (4.35)

then setting β = β1 + α, we have

1

2
σ2(β1 + α)2 +

(
µ− 1

2
σ2

)
(β1 + α)− (r + ∆) = 0, (4.36)

so the rate

∆ = r − 1

2
σ2(β1 + α)2 −

(
µ− 1

2
σ2

)
(β1 + α)

=
1

2
σ2α2 + α

√(
1

2
σ2 − µ

)2

+ 2σ2r.

(4.37)

Putting ∆ into the new model (4.33), then we have the valuation model for the

leader

E[dV ] = rV dt +

(
1

2
σ2α2 + α

√(1

2
σ2 − µ

)2

+ 2σ2r

)
V dt. (4.38)

Using Itô’s lemma together with (4.38), we obtain

∂V

∂t
+

1

2
σ2S2∂2V

∂S2
+ µS

∂V

∂S
−


r +

1

2
σ2α2 + α

√(
1

2
σ2 − µ

)2

+ 2σ2r


V = 0, (4.39)

which is a time-dependent valuation equation for the leader.
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Numerical solution for time-dependent equation

We now have the partial differential equation (4.39) for the leader with the final

condition

V (S, T ) = max

(
S

r − µ
− Ii, 0

)
. (4.40)

Since we use the QUAD method to calculate the value of the project for the

leader, then equation (4.39) must be transformed into the heat equation to obtain

the function A(x) (Andricopoulos et al. (2003, 2004)).

We set

S = Iie
x, (4.41)

τ =
1

2
σ2(T − t), (4.42)

V (S, t) = Iiv(x, τ), (4.43)

and

k =
2µ

σ2
− 1, (4.44)

then equation (4.39) becomes

∂v

∂τ
=

∂2v

∂x2
+ k

∂v

∂x
−

[
2r

σ2
+ α2 +

2α

σ2

√
1

2
σ2k + 2σ2r

]
v. (4.45)

If we set

v = eθx+γτu(x, τ), (4.46)

for two constants θ and γ to be found, then we have

γu +
∂u

∂τ
=

∂2u

∂x2
+ 2θ

∂u

∂x
+ θ2u + k

∂u

∂x

+ kθu−
(

2r

σ2
+ α2 +

2α

σ2

√
1

2
σ2k + 2σ2r

)
u.

(4.47)

We can eliminate the u term and ∂u/∂x to obtain the heat equation, if we choose

γ = θ2 + kθ −
(

2r

σ2
+ α2 +

2α

σ2

√
1

2
σ2k + 2σ2r

)
, (4.48)
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and

0 = 2θ + k. (4.49)

The above two equations give the values for θ and γ, namely

θ = −1

2
k, (4.50)

γ = −1

4
k2 −

(
2r

σ2
+ α2 +

2α

σ2

√
1

2
σ2k + 2σ2r

)
. (4.51)

We then write

v(x, τ) = e
− 1

2
kx−

[
1
4
k2−

(
2r
σ2 +α2+ 2α

σ2

√
1
2
σ2k+2σ2r

)]
τ
u(x, τ), (4.52)

where u(x, τ) is the solution for the heat equation

∂u

∂τ
=

∂2u

∂x2
, (4.53)

which has the solution (Wilmott et al. (1999))

u(x, τ) =
1

2
√

πτ

∫ ∞

−∞
u0(s)e

−(x−s)2/4τds, (4.54)

where u0(s) is given by the final condition.

Consequently for the valuation equation for the leader (4.39), using

τ =
1

2
σ2(T − t) (4.55)

in equation (4.52), then we can write the solution in the following form for numerical

purposes

V (x, t) = A(x)

∫ ∞

−∞
B(x, y)V (y, t + ∆t)dy, (4.56)

where

A(x) =
1√

2σ2π∆t
e
− 1

2
kx− 1

8
σ2k2∆t− 1

2
σ2α2∆t−σ2α

√
1
4
k2+ 2r

σ2 ∆t−r∆t
(4.57)

B(x, y) = e−
(x−y)2

2σ2∆t
+ 1

2
ky, (4.58)
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Figure 4.3: Graph of the free boundary for the leader when the hazard rate
α = 1

k =
2µ

σ2
− 1, (4.59)

and ∆t is the interval between two time steps.

According to the value-matching condition (4.24), at every time step, we have the

value-matching condition for equation (4.39)

x∗

r − µ
− Ii = V (x∗, t), (4.60)

where

x∗ = log(S∗/Ii). (4.61)

Results

Figures 4.3 and 4.4 illustrate the location of the free boundary with time for

different hazard rates (α = 1 in figure 4.3 and α = 5 in figure 4.4) using the QUAD

method. Since we add a hazard rate α to the valuation equation for the leader, then

there will be different project values and trigger values for different hazard rates but
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Figure 4.4: Graph of the free boundary for the leader when the hazard rate
α = 5

the same maturity date. We can see in figures 4.3 and 4.4 that for different hazard

rates α = 1 and 5, the free boundaries are quite different, and the results explain

that fear of the competition of the rival, which is measured by the hazard rate, could

affect the leader to invest at a much lower trigger value. Figures 4.5 and 4.6 show

the project values calculated by analytical solution (the line curve) and numerical

solution (the dotted curve) for different hazard rates (α = 1 and 5) with an expiry

date of T = 10 years.

4.4 Summary

In this chapter, we discuss the valuation of investments in the framework of a

single firm and a two-firm competition. We develop the Bellman equation, which is

designed for evaluating the option values on non tradable underlying assets and has

no time variation.

In the framework of a single firm, we discuss the advantages of a time-dependent

equation for evaluating option values compared to a time-independent equation (the
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Figure 4.5: Graph of the option value for the leader when hazard rate α = 1
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Figure 4.6: Graph of the option value for the leader when hazard rate α = 5
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Bellman equation). In the framework of a two-firm competition, which is the main

focus of this chapter, the valuation equations are derived from the model of Lambrecht

and Perraudin (2003), which includes a hazard rate describing the fear of preemption

from the rival. The hazard rate plays an important role in helping competitors become

the leader in the competitive race, and gain a monopoly position in the future market.

Moreover, we derive time-dependent valuation equations for both the leader and

the follower. The valuation equations for the follower are derived from the Bellman

equation directly, and the valuation equation for the leader is derived from the ana-

lytical solution in Lambrecht and Perraudin (2003), which also includes the hazard

rate.

The numerical solutions in this chapter are based on the form of the QUAD

method, which is based on a transformation of the heat equation. Results illustrated

show numerical solutions can replace analytical solutions in investment valuation,

and are much more realistic for the calculations, especially if investment projects

have different expiry dates.



Chapter 5

Valuation of multi-stage R&D

projects

R&D (research and development) options may be regarded as real options which

are based on products (real food or drugs) produced following staged research and

development projects. Recently, a number of papers have analysed R&D options as

multiple stage projects, and R&D option models have also been developed to calculate

the values of flexibility in R&D projects.

Among them, Posner and Zuckerman (1990) presented a stochastic R&D model

with flexible termination time. Newton and Pearson (1994) set up the basic R&D

model as a call option on a currently non-existent but potentially valuable series

of future cash flows. Grabowski and Vernon (1994) used an alternative approach

avoiding timing and attregation problems and Myers and Howe (1997) developed

a financial simulation model for R&D in the pharmaceutical industry. Panayi and

Trigeorgis (1998) used conventional net present value (NPV) approach to examine

multi-stage R&D projects. Childs and Triantis (1999) examined R&D in a contingent

claims framework by developing multiple projects and focusing mainly on the leader

project. Dutta (1997) used a flow-payoff model and a terminal-payoff model. Ottoo

(1998) developed a growth option model, Loch and Bode-Greuel (2001) used com-

pound growth options and decision trees, Worner and Grupp (2003) used a basket

options framework, Lewis, Enke and Spurlock (2004) used a deferral option, Cassi-

mon, Engelen, Thomassen and Van Wouwe (2004) and Lee and Paxson (2001) used a

96
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compound option model, Bowman and Moskowitz (2001) used a real options analy-

sis, Doctor, Newton and Pearson (2001) used option pricing theory and Monte-Carlo

simulation for R&D projects. Takalo and Kanniainen (2000) treated R&D projects

as future options and Schwartz (2004) developed a simulation approach model for

patents. Davis and Owens (2003) examined an electric R&D programme, whilst

Penning and Lint (1997), Lint and Penning (1998) and Lint and Penning (2001)

evaluated market and technology uncertainties, Jensen and Warren (2001) valued re-

search in the service sector, and Jacob and Kwak (2003) and Hartmann and Hassan

(2006) examined pharmaceutical R&D projects using real options pricing techniques.

Huchzermeier and Loch (2001) developed a real option model with several uncertain-

ties for an R&D project. Siddiqui, Marnay and Wiser (2006) used a binomial lattice

structure on renewable energy R&D. Schwartz and Moon (2000) used continuous-

time methods to measure uncertainties in R&D. Brach and Paxson (2001) provided

a Poisson real option model for a gene-to-drug venture. In these types of studies, the

motivation is that investors have the opportunity to invest, wait or abandon projects

according to the results of R&D and the investment environment during each stage

of a project. This investment strategy maximises the benefits to investors, and limits

the losses from investing in the R&D projects.

Since R&D options derive from the research and development of new products

(new businesses), there is extra uncertainty to be taken into account in valuation

models; for example, success or failure in completing the research (Berk, Green and

Naik (2004)). Moreover, the underlying assets in R&D options are not tradable, lead-

ing to difficulties with the usual hedging argument in the Black-Scholes model, which

has been used extensively for financial options, and also in the early models of R&D

projects (e.g. Newton and Pearson (1994)). The Bellman model (Dixit and Pindyck

(1994)) which was introduced in Chapter 4, and the Hamilton-Bellman-Jacobi (HBJ)

model (Berk et al. (2004)) based on the Bellman model (1957) associating with

the Hamiltonian mechanics, which was introduced by Hamilton (1833), have been

developed to value R&D options.

Much of the research in the literature which takes the Bellman route tends towards

an economics-based view, following Dixit and Pindyck’s considerable work in the

area, in which tractability is preferred via the assumption of perpetual options. This
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ignores the temporal dimension and reduces the mathematical problems to ordinary

differential equations which, with appropriate boundary conditions, have analytical

solutions. This leads to results which may be said to give economic insight but which

are not necessarily appropriate (realistic) in all cases. Berk, Green and Naik (2004)

evaluated an R&D venture by using time-dependent numerical solutions given by a

particular HBJ partial differential equation, but with a coupled time-independent

equation evaluating the value when the R&D project is suspended, on a multiple

stage project. In the valuation process, they divided each stage into two regions, the

investing phase in which investors choose to invest immediately, and the waiting phase

where investors do not invest but wait for a better opportunity. Investors may also

choose to abandon the project and never resume it if the investment environment is

particularly bad. The HBJ equation includes a technical uncertainty π, and measures

the success of completing a single stage in the project. In the HBJ equation, the value

from the next stage is also included, which helps measure how successfully the firm

achieves a technical breakthrough to the following stage (Berk et al. (2004)). Further,

the HBJ equation remains a partial differential equation with time variation when

calculating the investing phase, but reduces to an ordinary differential equation when

evaluating the waiting phase (i.e. the original Bellman equation in this case).

In this chapter, we will follow the valuation model of Berk et al. (2004) to calcu-

late the value of a multi-stage R&D project. We will improve upon their methodology

by allowing fully explicit time variation in the waiting phase, while the R&D project

is mothballed. This leads to a more realistic valuation model compared with the

partially time-dependent HBJ equation (Berk et al. (2004)). More sophisticated nu-

merical procedures will be used here: the Crank-Nicolson method coupled with the

PSOR method. The modified model in this chapter leads to a fully time-dependent

valuation system, which is based on the partially time-dependent HBJ equation.1

Moreover, results of the project value will be presented for different values of techni-

cal uncertainty. This chapter also suggests the development of a two-firm competition

framework in an R&D model under the HBJ equation. This will form a useful foun-

dation from which to view the evaluation of an R&D project in competition, which

1The advantage of the equation which has time variation in calculation has already been discussed
in Chapter 4.



CHAPTER 5. VALUATION OF MULTI-STAGE R&D PROJECTS 99

will be covered in the next chapter.

Abandonment in the valuation of an R&D project is equally significant and will

also be discussed in this chapter. We will show that in certain parameter regimes,

the project value may become zero or even negative. Hence, we redefine conditions

such that the project should be wholly abandoned when its value hits zero or be-

comes negative, but investment continues or the project mothballed when its value

is positive. Further, we will analyse the possibility of abandonment respectively with

the original partially time-dependent HBJ equation in the investing phase of an R&D

project, and the time-dependent modified HBJ equation.

This chapter is organised as follows. Section 5.1 reviews the relevant literature

on the modelling and valuation of R&D ventures. Section 5.2 introduces the original

model given by Berk et al. (2004) with four types of uncertain sources and valuation of

an R&D project under a variant of the HBJ equation. Section 5.3 improves upon the

model by allowing time variation even when the firm does not invest, and compares

the resulting value of the project with that obtained when there is no time variation in

the waiting phase. Section 5.4 analyses abandonment for the R&D project and shows

the weakness of evaluating abandonment while using the partially time-dependent

HBJ equations in the waiting phase. Finally, section 5.5 gives a summary of the

chapter.

5.1 Related Literature

Where possible, authors have tended to avoid analysing R&D options numerically,

preferring instead to use analytical solutions to evaluate R&D projects in a Black-

Scholes type environment where finite options are considered (Newton and Pearson

(1994)) or in the HBJ environment where, following Dixit and Pindyck (1994), per-

petual options are used in order to simplify the mathematics.

Dixit and Pindyck (1994) used the Bellman model (1957) and real options ap-

proach to calculate the project value for investments. They considered that a firm

could wait for new information and then invest when the investment environment is

good enough. Dixit and Pindyck (1994) showed results based on analytical solutions

and the Bellman equation (without time variation).
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Berk, Green and Naik (1999) evaluated R&D ventures that produce cash flows

at the end of each stage of development. In their model, the R&D project is subject

to several sources of risk, the technical uncertainty associated with the success of

the research, the cash flow uncertainty and production cost uncertainty, which affect

the investment decision and the time to completion of the project. They considered

three kinds of decisions to deal with the project: continue investing, wait to invest

and abandon the project. They then calculated the project values and risk premia

via closed-form solutions. Their calculations are based on complicated formulae but

no valuation equations are included in the paper.

Berk, Green and Naik (2004) evaluated an R&D venture using numerical solutions.

In this paper, they created a dynamic model of a multi-stage investment project again

with several different sources of uncertainty. In this case, the whole R&D project is

treated as a compound option. At the beginning of each stage, investors are able

to choose to invest in order to keep the project active, or suspend and wait to find

a proper time to invest, or even abandon the project. All these decisions made are

based on the valuation of the expected return on the project and the HBJ equation,

which is partially time-dependent (in the investing phase). Berk et al. (2004) used

numerical methods to solve this particular system of PDEs.

5.2 The Berk et al. (2004) model

In this section, the R&D ventures model is structured as a multiple stage R&D

investment project with several objectives based on Berk et al. (1999) and Berk et al.

(2004); it captures a number of different sources of risk and allows the determination

of the value of the venture. The model divides the project into two phases, the phase

for continuing investing and the phase for waiting for a proper opportunity to invest.

The model also contains an option that the R&D project could be abandoned when

the investment environment is sufficiently poor.
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5.2.1 R&D Uncertainties

For an R&D project, there are several sources of uncertainty that could influence

the value of the project (Berk et al. (2004)). For instance, if the R&D is completed

and the firm chooses to invest, it will generate a stream of uncertain cash flows, which

can be modelled as stochastic processes. In order to obtain these cash flows, the firm

must first complete n discrete research stages. In this process, the multi-stage R&D

venture is subject to the following four types of uncertainty (Berk et al. (2004))

• Technical uncertainty

At the beginning of each stage, an investment is required in order to keep

the project active. If the investment is made, then with some probability the

current stage will be successfully completed and the firm can move on to the

next stage. If the investment is not made, the project is then mothballed, and

development remains in the current stage with certainty. The firm, meanwhile,

waits for another opportunity to invest.

• Cash flow uncertainty

When the R&D is completed, the firm will receive returns from the project

with an uncertain cash flow stream. Although the cash flow stream is received

at the completion stage, it is assumed that the firm’s decision makers can still

observe the cash flow prior to the completion of the R&D project, they know

what the firm’s cash flows would be at the end of every single stage were the

project complete today.

• Investment cost uncertainty

When a firm decides to continue to the next research phase, it must bear an

instantaneous investment cost that represents the salaries to be paid to the

research scientists and development engineers that join the project and the cost

of equipment which is used to undertake the research and development at each

stage, and market research which investigates the market for the product in the

future.

• Learning by doing
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The probability of success and processing to the next stage at each stage is

unknown to the firm’s management, and the uncertainty about the duration

and cost of the R&D is resolved by making investments in the process and

observing the outcomes. The expected cost to completion for the R&D evolves

endogenously, reflecting optimal policies.

Although these uncertain resources are complicated, they are still capable of math-

ematical treatment, as described in the following sections.

5.2.2 Investment stages

Since the R&D venture is a multiple stage project, completion of the project

involves passing successfully through a sequence of n discrete stages of development.

Consider a firm working in continuous time on an R&D project to bring a new product

to the market. At each time prior to the completion stage, the firm must decide on

the intensity of its investment effort over the next instant, u(t). If the firm invests,

then u(t) = 1 and if the firm does not invest, then u(t) = 0. The decisions which are

made about whether to invest or not at each stage, are now determined by choosing

u(t) to be 0 or 1. Obviously, at the end of the completion stage, namely the expiry

date T of the R&D project, we have u(t = T ) = 0.

5.2.3 Technical uncertainty

Technical uncertainty plays a significant role in an R&D project valuation. Finan-

cially, it is a measure of the firm’s productivity in R&D and could be transformed to

the probability that in the next instant the firm will complete the current stage. We

denote the technical uncertainty by π, which can be either a constant or a function

of n (the number of completed stages), and t, the cumulative amount of time spent

in the completed stages, and can be given by the following function (Duffie (1996))

π(n, t) = − Φn(t)

Φn−1(y)
, (5.1)

where

Φ(t) = E[e−tz] (5.2)
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is a function for the Poisson process with intensity z.

Suppose that the prior distribution of π is a gamma distribution with constant

parameters α1 > 0 and α2 > 0 (i.e. α1 = 1 and α2 = 0.5 in Berk et al. (2004)), then

the technical uncertainty has a particularly simple form (Berk et al. (2004))

π(n, t) =
α1 + n

α2 + t
. (5.3)

Assume that every single stage of the project has the same length,2 and the time

spent on each stage δt = t/n. Suppose π(n, t) increases in time and stage, then we

have
α1 + n + 1

α2 + (n + 1)δt
− α1 + n

α2 + t
> 0, (5.4)

then the spent time

δt <
α2

α1

, (5.5)

and finally we have
n

t
>

α1

α2

, (5.6)

so the technical uncertainty π(n, t) increases in time and stage when n/t > α1/α2,

and it decreases when n/t < α1/α2.

5.2.4 Uncertain cash flows

When the R&D project has been successfully completed, the firm will receive

an uncertain cash flow stream resulting in a value, S, the price of the product in

the future market. The stochastic cash flow stream follows the standard geometric

Brownian motion (1.3).

Although the price of the product in the market, S, is not received by the firm

prior to the completion of the R&D project, we still assume that it can be observed

as the potential future price of the product before the whole project is completed

(Newton and Pearson (1994)). With this assumption, the stochastic cash flow could

be used to calculate the value of the R&D project.

2Actually, the length of each stage could be different in a real project, but for simplicity, we
assume the length of each stage to be the same throughout the whole thesis. However, the lengths
of stages are not central to the valuation, and they can be modified at will if required.
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5.2.5 Uncertain investment costs

The cost of investment in R&D valuation consists of a fixed and a variable com-

ponent (Berk et al. (2004))

I = a + bS. (5.7)

The fixed value a illustrates the cost that is paid with certainty. This type of

cost is fixed and not affected by external conditions such as the current price of the

product (e.g. the cost of equipment). The variable value b, on the other hand, shows

the cost that is affected by external factors (e.g. the salaries that paid to the scientists

and engineers and the cost of research when the price or the future market varies).

The investment cost uncertainty is also a main factor that influences the decision to

invest or wait.

5.2.6 Valuation of R&D project

At the end of any completed stage before final completion, in the model, the firm

must decide whether to incur an additional research cost or not (Berk et al. (2004)).

The cost of continuing the project is the additional investment which is required for

the current stage, and the benefit is the opportunity to move ahead through one of

the N stages.

To evaluate an R&D project, we must structure a risk-neutral framework. This

allows us to analyse the R&D venture under option pricing theory via the appropriate

partial differential equations. The model and parameters in this chapter initially

follow Berk et al. (2004), but later, we will add time variation (in the mothball

region) to improve the Berk et al. (2004) model. Moreover, the numerical methods

are used differently from Berk et al. (2004) in this chapter, and we use the Crank-

Nicolson method combined with the PSOR method, while Berk et al. (2004) did not

clearly state what kind of numerical method they used (see numerical details in the

appendix of Berk et al. (2004)). 3

3These authors were contacted, but their response shed little light on their procedure.
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The stochastic process

Under the risk-neutral measure, the drift rate µ is adjusted to µ̂ which reflects

the risk premium λ, which is a measure of the extra return that investors demand to

bear risk, that is (Berk et al. (2004))

µ̂ = µ− λ. (5.8)

Secondly, in order to eliminate the risk of obsolescence, which extinguishes the

current cash flow or potential cash flow and makes the value of the project zero, we

then define

r̂ = r + φ, (5.9)

where r is the risk-less interest rate and φ is the measure of the risk of obsolescence

which measures the probability of a catastrophic failure over the next instant (Berk

et al. (2004)).

Then the stochastic cash flow process (1.3) is replaced by

dS = µ̂Sdt + σSdZ, (5.10)

and here µ̂ is assumed to be less than r̂ because the R&D project must have a finite

value.

Partial differential equation derivation

In this section, we will discuss the central partial differential equation, the Hamilton-

Bellman-Jacobi (HBJ) equation, which is an important element in optimal control

theory and is a partial differential functional equation that arises from the application

of Bellman’s dynamic programming principle to continuous systems.

The original HBJ equation was introduced by LaValle (2005) in both the discrete

case and the continuous case. In the discrete case, the HBJ equation has the form

min
u∈U(x)

{
l(x, u) +

n∑
i=1

∂G

∂xi

fi(x, u)

}
= 0, (5.11)



CHAPTER 5. VALUATION OF MULTI-STAGE R&D PROJECTS 106

where G(x) is a function of a state vector x, u is denoted as an action, and l(S, u)

is a stage-additive cost (or loss) functional. The state transition function, f(x, u), is

denoted as

f(x, u) =
dx

dt
. (5.12)

If time-dependent cost-to-go functions are used, then we have the HBJ equation

in the continuous case (LaValle (2005))

min
u∈U(x)

{
l(x, u, t) +

∂G

∂t
+

n∑
i=1

∂G

∂xi

fi(x, u, t)

}
= 0, (5.13)

where G is a function of both x and t.

By analogy the solution before all stages have been completed, which solves the

value of the project V n at any stage before completion, must satisfy the following

partial differential equation, as utilised by Berk et al. (2004)

1

2
S2σ2 ∂2

∂S2
V n + µ̂S

∂

∂S
V n − r̂V n

+ sup
u∈{0,1}

{
u

[
π(n, t)

(
V n+1 − V n

)
+

∂

∂t
V n − a− bS

]}
= 0,

(5.14)

which can be partially derived from the original HBJ equation in the continuous case

(LaValle (2005)), if we use project value V n instead of G, cash flow S instead of x,

investment cost I instead of l, and drift rate µ̂ instead of f .

The valuation equation of an R&D project (equation (5.14)) is either (locally)

a partial differential equation (when u = 1), or an ordinary differential equation

(when u = 0). In the u = 0 region, the firm does not invest, and the evolution of

the value is driven entirely by the dynamics of cash flow S. In the u = 1 region,

the firm chooses to invest, and the equation is then a partial differential equation

in S and t. With probability π(n, t) over the next instant, the firm will achieve a

technical breakthrough to the next stage and the project’s value will jump to V n+1.

In addition, the value changes as the firm learns about π.

The value of the completed project is given by the continuous-time version of the

Gordon-Williams growth model, which was originally a model for determining the

intrinsic value of a stock based on a future series of dividends growing at a constant
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rate. The model assumes the form

S(t) =
D

k −G
, (5.15)

where S is the stock price, D is the expected dividend, k is the long-term rate of

return (or discount rate), and G is the long-term growth rate. When all stages are

completed, with a risk-adjusted growth rate µ̂ and an interest rate r̂ adjusted to

reflect the risk of obsolescence, the firm will receive a cash flow based on the Gordon-

Williams growth model, S(t)/(r̂ − µ̂). Therefore, in the valuation of R&D, we have

the value of the R&D project at the completion stage as follows

V n(S, T ) =
S(t)

r̂ − µ̂
. (5.16)

Calculation details

Since the firm invests when the cash flow reaches a sufficiently high level, the

R&D project is similar to an American call option, then for n < N , let V n
c (S, t)

satisfy the HBJ equation (5.14) at time t with u = 1, and let V n
m(S, t) satisfy the

HBJ equation with u = 0; denote S∗n(t) as the free boundary at stage n and time t.

Let these functions satisfy the single crossing property in S at S∗n(t) for a given n

and t with V n
c (S, t) > V n

m(S, t) when S > S∗n(t), and with V n
c (S, t) < V n

m(S, t) when

S < S∗n(t). Then we have the following conditions (Berk et al. (2004))

V n(S, t) =





V n
c (S, t), S ≥ S∗n(t)

V n
m(S, t), S < S∗n(t),

(5.17)

with

V n(0, t) = 0, (5.18)

lim
S→∞

V n(S, t) = O(S). (5.19)

When S = S∗n(t), we have value-matching conditions

V n
c (S∗n(t), t) = V n

m(S∗n(t), t), (5.20)
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∂

∂S
V n

c (S∗n(t), t) =
∂

∂S
V n

m(S∗n(t), t). (5.21)

In equation (5.17), V n
c represents the value in the investing phase and V n

m repre-

sents the value in the waiting phase. Equation (5.14) and (5.17) can also be described

as a combination as follows 4





1
2
S2σ2 ∂2

∂S2 V
n + µ̂S ∂

∂S
V n − r̂V n + π(n, t) (V n+1 − V n)

+ ∂
∂t

V n − a− bS = 0, S ≥ S∗n(t)

1
2
S2σ2 ∂2

∂S2 V
n + µ̂S ∂

∂S
V n − r̂V n = 0, S < S∗n(t).

(5.22)

In (5.22), the equation when S ≥ S∗n(t) is a partial differential equation, which

can be solved numerically by the Crank-Nicolson method combined with the PSOR

iteration method; the equation when S < S∗n(t) is an ordinary differential equation

(Bellman equation), which can be resolved by a standard central-difference approxi-

mation (see below for details).

Equation (5.19) can be used to evaluate the upper boundary at each time step t,

in the form that as S →∞,

V n(S, t) → SHn
0 (t) + Hn

1 (t). (5.23)

Substituting equation (5.23) into the investing equation (5.22), with S ≥ S∗n(t)

leads to

µ̂Hn
0 (t)S − r̂(Hn

0 (t)S + Hn
1 (t)) + π(n, t)[Hn+1

0 S + Hn+1
1 −Hn

0 (t)S

−Hn
1 (t)] + S

d

dt
Hn

0 (t) +
d

dt
Hn

1 (t)− a− bS = 0,
(5.24)

where Hn+1
0 and Hn+1

1 are the values of H0 and H1 at the next stage.

4It seems that in equation (5.22), the technical uncertainty π has changed meaning. In equation
(5.1) it stands for the Poisson intensity, but in equation (5.22), it stands for a probability density,
which measures the probability of completing a single stage. In this thesis, we choose to follow the
HBJ equation provided by Berk et al. (2004), although there is double counting on V n+1 between
two stages using numerical methods.
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From the O(S1) terms, we have

µ̂Hn
0 (t)− r̂Hn

0 (t) + π(n, t)[Hn+1
0 −Hn

0 ] +
d

dt
Hn

0 (t)− b = 0, (5.25)

and from the O(S0) terms, we have

−r̂Hn
1 (t) + π(n, t)[Hn+1

1 −Hn
1 (t)]− d

dt
Hn

1 (t)− a = 0, (5.26)

with the final conditions for Hn
0 (t) and Hn

1 (t):

Hn
0 (T ) =

1

r̂ − µ̂
, (5.27)

Hn
1 (T ) = 0. (5.28)

We may use equation (5.23) as a boundary condition, imposed at some suitably

large finite value of S, namely Smax for the upper boundary. Then we have the

boundary conditions at stage n





V n(Smax, t) = SmaxH
n
0 (t) + Hn

1 (t)

V n(0, t) = 0.

(5.29)

With all the above equations, we can now calculate the project value and the

value of the free boundary at every stage by using the Crank-Nicolson method with

the time interval between every two steps

∆t =
T

nN1

, (5.30)

where T is the cumulative time of all stages and N1 is the number of steps in one

stage in the calculation.

For the investing equation (HBJ equation) (5.14), the numerical approximation
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uses the Crank-Nicolson method coupled with PSOR is given by

1

2
σ2S2 × 1

2

[V n(S + ∆S, t + ∆t)− 2V n(S, t + ∆t) + V n(S −∆S, t + ∆t)

(∆S)2

+
V n(S + ∆S, t)− 2V n(S, t) + V n(S −∆S, t)

(∆S)2

]

+ µ̂S × 1

2

[V n(S + ∆S, t + ∆t)− V n(S −∆S, t + ∆t)

2∆S

+
V n(S + ∆S, t)− V n(S −∆S, t)

2∆S

]
− (r̂ + π)× 1

2

[
V n(S, t + ∆t) + V n(S, t)

]

+ πV n+1 +
V n(S, t + ∆t)− V n(S, t)

∆t
− a− bS = 0,

(5.31)

where ∆S = Smax/N2, and N2 is the number of points in S in calculation, V n+1(S) is

the value of the next stage in S. k and k +1 represent the k-th and k +1-th iteration

used by the PSOR method.

For the waiting equation (Bellman equation), then we have the central-difference

approximation coupled with the PSOR method

1

2
S2σ2×V n(S + ∆S, t)− 2V n(S, t) + V n(S −∆S, t)

(∆S)2

+ µ̂S × V n(S + ∆S, t)− V n(S −∆S, t)

2∆S
− r̂V n(S, t) = 0.

(5.32)

Using the PSOR iteration method for equations (5.31) and (5.32), then we have

the following equation to determine V n
k+1(S, t)

1

2
σ2S2 × 1

2

[V n(S + ∆S, t + ∆t)− 2V n(S, t + ∆t) + V n(S −∆S, t + ∆t)

(∆S)2

+
V n

k (S + ∆S, t)− 2V n
k+1(S, t) + V n

k+1(S −∆S, t)

(∆S)2

]

+ µ̂S × 1

2

[V n(S + ∆S, t + ∆t)− V n(S −∆S, t + ∆t)

2∆S

+
V n

k (S + ∆S, t)− V n
k+1(S −∆S, t)

2∆S

]
− (r̂ + π)× 1

2

[
V n(S, t + ∆t) + V n

k+1(S, t)
]

+ πV n+1 +
V n(S, t + ∆t)− V n

k+1(S, t)

∆t
− a− bS = 0,

(5.33)
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for the investing equation, and

1

2
S2σ2×V n

k (S + ∆S, t)− 2V n
k+1(S, t) + V n

k+1(S −∆S, t)

(∆S)2

+ µ̂S × V n
k (S + ∆S, t)− V n

k+1(S −∆S, t)

2∆S
− r̂V n

k+1(S, t) = 0,

(5.34)

for the time-independent waiting equation.

5.2.7 Numerical Examples

Parameters

In order to illustrate the results of the value of the project and the free boundaries,

here we use the same parameters as Berk et al. (2004), reproduced in table 5.1. Time

is measured in years, and the cumulative time of the project is 2.5 years. The whole

R&D project requires 10 stages for completion and the times spent in each stage

are taken to be the same, three months. We use the value of catastrophic failure

φ = 0.1054 in this case, which indicates that the probability of a catastrophic failure,

1− e−φ∆t, is 2.6% in three months, and this therefore translates into a probability of

97.4% of surviving without obsolescence in three months. The technical uncertainty

at any stage, is given by either a constant π = 2, which indicates that the probability

of completing a single stage, e−π∆t, is 60.7%, or the function (5.3). The fixed cost

of investment is assumed to be 1, and the variable cost is assumed to be 10% of the

fixed cost, 0.1 (Berk et al. (2004)).

As described in table 5.1 we have α1 = 1 and α2 = 0.5, then n/t = 4 > α1/α2 = 2,

so consequently the technical uncertainty π(n, t) increases as the number of completed

stages and the cumulative time spent on completed stages increases. Financially, this

means that the more stages have been completed, the more experience in research and

development the firm will carry over into the next stage, and the more probability

the next stage will be successfully completed.

Other parameters used in the HBJ equation are also given in table 5.1. We use

N1 = 50 steps between every two stages in valuation, which is perfectly satisfactory

for the Crank-Nicolson/PSOR method, namely the time interval between every two

time steps is ∆t = 0.005 years.
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Parameter Value
n 10
µ 0.03
σ 0.4
r 0.07
φ 0.1054
a 1
b 0.1
λ 0.08
T 2.5
N 50
∆t 0.005
α1 1
α2 0.5

Table 5.1: Table of parameters for evaluating a multi-stage R&D project

Valuation under a constant π (π = 2)

Figure 5.1 shows the variation of the free boundary plotted with time step, with 10

stages and 50 time steps between stages when the technical uncertainty π is chosen to

be a constant (π = 2). The expiry date is at the position of the 500-th time step. The

kinks illustrated in this figures are generated by the Crank-Nicolson/PSOR method,

because the exact free boundary point will not lie precisely on grid points used in the

calculation.

Figure 5.2 shows the location of the free boundaries which are chosen at the

beginning of each stage from figure 5.1 against stage in a constant π (π = 2), which

leads to ten free boundary points correspondingly to the ten stages in this figure. The

curve moves downwards as the number of completed stages increases. The curve is

discontinuous because the free boundary points are not the exact ones caused by the

calculation technique of the Crank-Nicolson method. Moreover, figure 5.3 illustrates

project value variation with cash flow when π = 2.

Valuation under a variable π (described by equation (5.3))

Figure 5.4 shows the location of free boundary against stage when π is described

by equation (5.3), and figure 5.5 illustrates the project value against cash flow for this

choice of π. As we have shown in the parameters section above, in an R&D project,
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Figure 5.1: Free boundary vs. time step in the HBJ equation with no
explicit time variation in the waiting phase in a 2.5 years, 10 stages R&D
project (π = 2)
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Figure 5.2: Free boundary vs. stage in the HBJ equation with no explicit
time variation in the waiting phase in a 2.5 years, 10 stages R&D project
(π = 2)
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Figure 5.3: Project value vs. cash flow at present in the HBJ equation with
no explicit time variation in the waiting phase in a 2.5 years, 10 stages
R&D project (π = 2)

the technical uncertainty π increases with stage and time, and since π(0, 0) = α1/α2 =

2, then π will increase and hence will always be greater than 2. Therefore, as time

goes by, the probability of completing a single stage increases (as noted above). This

certainly is beneficial for the R&D progress, and the value of the project will also

benefit from the increment of π, so the value V m
c which is evaluated in the investing

phase and related to π will certainly rise.

5.3 The modified model with time variation in the

waiting phase

In the previous section we followed the model of Berk et al. (2004), which evaluates

the value of R&D project but with no explicit time variation when the firm is waiting

for the opportunity to invest. In the previous chapter (Chapter 4), we have concluded

that with no time variation in the valuation equation, it is not possible to distinguish

the project values with different expiry times. Namely, for two options with different
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Figure 5.4: Free boundary vs. stage in the HBJ equation with no explicit
time variation in the waiting phase in a 2.5 years, 10 stages R&D project
(π is described by equation (5.3))

expiration dates, the results of the values from Bellman equation would be obviously

the same. Hence, for the waiting phase in the model of Berk et al. (2004), which

can be regarded as an option to defer (Trigeorgis (1996)), although the values in the

mothballed region do vary with time (because the values from the investing phase are

coupled to those in the waiting phase, across the free boundary), adding time variation

in this region can still help to evaluate project value more accurately, especially if

investors have different requirements on the length of suspending the project.

In this section, we will expand the Bellman equation by including time variation

explicitly to calculate a more realistic value of the R&D project in particular when the

firm does not invest, and then compare the value with the previous model (without

explicit time variation in the waiting phase).

5.3.1 Modified waiting equation

As introduced in Chapter 4, the original Bellman model (4.1) implies that over a

time interval dt, the expected return rV dt, is equal to the expected value of capital
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Figure 5.5: Project value vs. cash flow at present in the HBJ equation with
no explicit time variation in the waiting phase in a 2.5 years, 10 stages
R&D project (π is described by equation (5.3))

appreciation E[dV ] (Dixit and Pindyck (1994)).

For an R&D project, (4.1) then becomes

r̂V ndt = E[dV n], (5.35)

at stage n, where r̂ is the sum of the risk-less interest rate and the probability of

obsolescence (Berk et al. (2004)).

We expand dV n using Itô’s lemma

dV n = σS
∂V n

∂S
dZ +

(
µ̂S

∂V n

∂S
+

1

2
σ2S2∂2V n

∂S2
+

∂V n

∂t

)
dt, (5.36)

and substitute equation (5.10) for dV n into this expression, then the Bellman equation

becomes
∂

∂t
V n +

1

2
S2σ2 ∂2

∂S2
V n + µ̂S

∂

∂S
V n − r̂V n = 0. (5.37)
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Combining the expanded Bellman equation (equation (5.37)) with the HBJ equa-

tion to calculate the value of R&D when the firm does not invest, then we have a

new form of the HBJ equation

∂

∂t
V n +

1

2
S2σ2 ∂2

∂S2
V n + µ̂S

∂

∂S
V n

− r̂V n + sup
u∈{0,1}

{
u

[
π(n, t)

(
V n+1 − V n

)− a− bS
]}

= 0.
(5.38)

Mathematically, the equation (5.38) involves including moving the time deriva-

tive ∂/∂t out of the bracket of the original HBJ equation (5.14), the equations for

calculating the values in both investing phase and waiting phase now are both partial

differential equations, both with time variation.

5.3.2 Calculation details

From equations (5.19) and (5.37), we now have a combination of two equations

as follows





∂
∂t

V n + 1
2
S2σ2 ∂2

∂S2 V
n + µ̂S ∂

∂S
V n − r̂V n + π(n, t) (V n+1 − V n)

−a− bS = 0, S ≥ S∗n(t)

∂
∂t

V n + 1
2
S2σ2 ∂2

∂S2 V
n + µ̂S ∂

∂S
V n − r̂V n = 0, S < S∗n(t).

(5.39)

The boundary conditions for equation (5.39) are the same as for equation (5.22),

and the equation for the investing equation in (5.39) does not change either, being

identical to (5.31). However, since we use a time-dependent equation (5.37) substi-

tuting the original Bellman equation as the valuation equation for the waiting phase,

then the solution for the equation (5.37) is determined by the Crank-Nicolson method

coupled with the PSOR method, with the following equation determining V n
k+1(S, t)
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V n(S, t + ∆t)− V n
k+1(S, t)

∆t

+
1

2
S2σ2 × 1

2

[V n(S + ∆S, t + ∆t)− 2V n(S, t + ∆t) + V n(S −∆S, t + ∆t)

(∆S)2

+
V n

k (S + ∆S, t)− 2V n
k+1(S, t) + V n

k+1(S −∆S, t)

(∆S)2

]

+ µ̂S × 1

2

[V n(S + ∆S, t + ∆t))− V n(S −∆S, t + ∆t))

2∆S

+
V n

k (S + ∆S, t)− V n
k+1(S −∆S, t)

2∆S

]
− r̂ × 1

2

[
V n(S, t + ∆t) + V n

k+1(S, t)
]

= 0,

(5.40)

where k and k+1 represent the k-th and k+1-th iteration used in the PSOR solution

method.

5.3.3 Numerical examples

The parameters used in the modified HBJ equation are given in table (5.1). The

number of steps between every two stages is 50, and the time interval between steps

∆t = 0.005 years.

Valuation under a constant π(π = 2)

Figure 5.6 shows the location of the free boundary against step in a constant π.

For the first few time steps between two stages5, the value for waiting, V n
m, which is

evaluated by equation (5.39) with time variation explicitly included is greater than

the value for investing, V n
c , but moving backwards in time, V n

m decreases significantly.

However, the value V n
c , affected mostly by V n+1, decreases slightly in this case, so

the free boundary first stays at the point where S → ∞. Consequently, when V n
m

drops below V n
c , the free boundary decreases rapidly as seen in figure 5.6. At the

end of each stage before completion, since the time step at the stage uses V n+1 for

the next stage, but the previous time step uses V n+1 for the current stage, then this

affects the value of V n
c which is strongly related to V n+1, and also this influences the

location of the free boundary. This is seen in figure 5.6 where there are jumps in the

5Since the calculation proceeds backwards in time, then here the first several time steps represent
the steps counted backwards from the next stage to the current stage.
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Figure 5.6: Free boundary vs. time step in the HBJ equation with explicit
time variation in the waiting phase in a 2.5 years, 10 stages R&D project
(π = 2)

values of the free boundaries at all the stages immediately before completion.

Figure 5.7 shows the location of free boundary plotted against stage, and figure

5.8 shows project value plotted against cash flow for constant π (π = 2).

Valuation under a variable π (described by equation (5.3)

Figure 5.9 shows the location of the free boundary against stage, and figure 5.10

shows project value against cash flow when π is described by equation (5.3). As

we have analysed in the previous section, being governed by an ordinary differential

equation, the free boundaries in figure 5.9 using a constant π are lower than those

in figure 5.7 calculated using a variable π, and correspondingly, the project values in

figure 5.10 are higher than those in figure 5.8.

5.3.4 Comparison of the values of the project

Table 5.2 illustrates the project values for different cash flows with and without

explicit time variation in the waiting phase, and for our two choices of π. Figure
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Figure 5.7: Free boundary vs. stage in the HBJ equation with explicit time
variation in the waiting phase in a 2.5 years, 10 stages R&D project (π = 2)
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Figure 5.8: Project value vs. cash flow at present in the HBJ equation with
explicit time variation in the waiting phase in a 2.5 years, 10 stages R&D
project (π = 2)
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Figure 5.9: Free boundary vs. stage in the HBJ equation with explicit time
variation in the waiting phase in a 2.5 years, 10 stages R&D project (π is
described in equation (5.3))
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Figure 5.10: Project value vs. cash flow at present in the HBJ equation with
explicit time variation in the waiting phase (π is described by equation in
a 2.5 years, 10 stages R&D project (5.3))
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Cash flow Project value (V n)
(S) Without ∂/∂t With ∂/∂t

π = 2 π = α1+n
α2+t

π = 2 π = α1+n
α2+t

5 11.8089 12.8667 12.7309 13.3505
10 25.2774 27.2175 26.0048 27.5932
15 38.7459 41.5682 39.4580 41.9391
20 52.2144 55.9190 52.9567 56.3079

Table 5.2: Table of the values of an multi-stage R&D project with or without
time variation in the waiting phase for constant π (π = 2) in different cash
flows

5.11 shows the variation of the free boundary with stage with and without explicit

time variation in the waiting phase using π = 2, and figure 5.12 shows the effect of a

variable π (described by equation (5.3)). Figures 5.13 and 5.14 show project variation

with cash flow, with and without explicit time variation in the waiting phase for the

two forms of π.

We can see in table 5.2 that the project values with explicit time variation in

the waiting phase are always greater than those without explicit time variation in

the waiting phase. This is because that the waiting values V n
m, calculated via the

Bellman equation with time variation, are greater than the values calculated via the

Bellman equation without time variation for the same cash flow. Since the investing

value V n
c does not change in both situations, then the values of the free boundaries

with explicit time variation in the waiting phase should be greater than those without

explicit time variation at every single stage, as displayed in figures 5.11 and 5.12. On

the other hand, the values of the variable π columns are greater than the values of the

constant π columns in table 5.2. This is because the value of a variable π at each stage

is greater or equal to the value of a constant π, namely the probability of completing

a stage with a variable π is higher than the probability with a constant π, this also

increases the project value of R&D. Moreover, the values of the project below the

free boundary with explicit time variation in the waiting phase should certainly be

greater than the values without explicit time variation in the waiting phase, as seen

in figures 5.13 and 5.14.
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Figure 5.11: Free boundary vs. stage in the HBJ equation with and without
explicit time variation in the waiting phase in a 2.5 years, 10 stages R&D
project (π = 2)

5.4 Abandonment

As with investments, there may be some critical situations when investors choose

to abandon the project, when the investment environment is poor, which means

permanently suspending the project. Financially, if the project value hits zero at

some point during the operation of R&D, then the project is worthless and should

be abandoned. In this section, we will analyse the conditions under which the R&D

project should be abandoned in the two models (in which the time variation is explic-

itly included or not included in the waiting phase of an R&D project), and provide

numerical solutions for evaluating the optimal abandonment time.

5.4.1 Unclear empirical experience in a special case

Berk et al. (2004) analysed abandonment very briefly for a special case. They as-

sumed the fixed parameter in the cost of investment a = 0. In addition, they provided

the condition for abandonment stating that there exists the optimal abandonment
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Figure 5.12: Free boundary vs. stage in the HBJ equation with and without
explicit time variation in the waiting phase in a 2.5 years, 10 stages R&D
project (π is described in equation (5.3))
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Figure 5.13: Project value vs. cash flow at present in the HBJ equation with
explicit and without time variation in the waiting phase in a 2.5 years, 10
stages R&D project (π = 2)
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Figure 5.14: Project value vs. cash flow at present in the HBJ equation with
and without explicit time variation in the waiting phase in a 2.5 years, 10
stages R&D project (π is described by equation (5.3))

time t∗ such that

V n(S, t) =





V n
c (S, t) t ≤ t∗

0 t > t∗.
(5.41)

Originally, the general solution for V n
c (S, t) as S →∞ takes the form (5.23), but

since a = 0, and Hn
1 (0) = 0, then from equation (5.26) we have

Hn
1 (t) = 0 (5.42)

in this special case, and so we may write

V n
c (S, t) = SHn

0 (t), (5.43)

when 0 ≤ S < ∞.

While setting V n
c (S, t) = SHn

0 into the investing equation of the HBJ equation

without time variation (5.14), and the value-matching and smooth-pasting conditions
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at the optimal time to abandon t∗ (Berk et al. (2004)), leads to the condition

Hn
0 (t∗) = 0, (5.44)

d

dt
Hn

0 (t∗) = 0, (5.45)

we then have the equation

π(n, t∗)Hn+1
0 (t∗) = b, (5.46)

with the final condition

Hn
0 (T ) =

1

r̂ − µ̂
, (5.47)

that determines the optimal time to abandon in this special case.

Mathematically, we know the numerical calculation proceeds backwards and project

values are discounted in time. Berk et al. (2004) claimed that they performed this

calculation, but if we observe equation (5.41), we can see that in the region when

t > t∗, the project value V n(S, t) is equal to zero, and in the region when t > t∗,

V n(S, t) is equal to the investing value V n
c (S, t), which is positive. Then we encounter

a problem if we use this equation that the V n(S, t = t∗), which is positive in equation

(5.41), is discounted by using the values V n(S, t∗ + ∆t) from the next time step,

which are all zero in equation (5.41). Since Berk et al. (2004) did not give proper

explanations and calculation details for this assumption, we will not adopt it in the

following calculation for abandonment.

Moreover, in equation (5.41), it is not appropriate that the project values are

evaluated only using the value V n
c , which is calculated using the investing equation,

when the investment is not worth abandoning. It seems that Berk et al. (2004) just

considered two possibilities, investing and abandoning, in this scenario and did not

consider the project could be mothballed when the investment environment is bad

for investing but not bad enough for abandoning. Actually, the phases for investing,

waiting and abandoning could co-exist in an R&D project, and in some extreme

examples, the waiting phase can even dominate the whole project (an example will

be shown in the next section). Thus, ignoring the possibility of waiting is not a proper

way to evaluate abandonment.

Consequently, since both the assumptions and calculations of Berk et al. (2004)
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for abandonment are neither clear nor satisfactory, in the following sections we will

choose not to follow their treatment. Instead, we will regard the abandonment as

one phase of the project together with the investing and waiting phases, and let the

valuation equation decide when to invest, suspend or abandon the project. Numerical

results given in the following sections are again evaluated by the Crank-Nicolson

scheme combined with the PSOR solution method.

5.4.2 Optimal abandonment time for the original HBJ equa-

tion

We choose parameters values in order to make the condition of the investment

project adverse enough to be abandoned. To do this, we will consider a particular

case, in which the value of the project could hit zero during the R&D. Since when

S → ∞, V n(S, t) → SHn
0 + Hn

1 is described by equation (5.23), then a proper Hn
0

and Hn
1 combination is able to make the value V n(S, t) sufficiently small, become zero

or even negative when S → ∞,6 namely increase the possibility for the project to

become worthless during the R&D. From equations (5.25) and (5.26) we know that by

increasing the variable or fixed parameters of the investment cost b or a respectively,

Hn
0 and Hn

1 are reduced, which also reduce the value V n
c .

Nevertheless, since we have increased two important parameters, we should also

take into account that it is possible that decreasing the investing value V n
c could

cause the situation that V n
c may be less than the waiting value V n

m as S → ∞. To

resolve this issue, we adjust the upper boundary condition to be, as S →∞,

V n(S, t) → max(V n
c (S, t), V n

m(S, t)), (5.48)

where

V n
c (S, t) → SHn

0c + Hn
1c, (5.49)

V n
m(S, t) → SHn

0m + Hn
1m, (5.50)

6Financially, the project value cannot be negative. Since negative values are produced by extreme
parameters, we will abandon the project at negative values and regard these values as zero for the
subsequent evaluation.
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in which H0c and H1c can be given by equations (5.25) and (5.26), and since H0m

and H0m are determined from

µ̂Hn
0c(t)− r̂Hn

0c(t) + π(n, t)[Hn+1
0c −Hn

0c] +
∂

∂t
Hn

0c(t)− b = 0, (5.51)

−r̂Hn
1c(t) + π(n, t)[Hn+1

1c −Hn
1c(t)]−

∂

∂t
Hn

1c(t)− a = 0, (5.52)

when using the investing equation at the upper boundary and





Hn
0m(t) = 0

Hn
1m(t) = 0,

(5.53)

when using a time-independent waiting equation at the upper boundary.

Since Hn
0m and Hn

1m in equation (5.53) are equal to zero, then it is not possible to

solve the equation described by (5.23) using them, because in this situation V n(S, t)

would be zero. However, on the other hand, as S →∞, Hn
0 can also be given by the

form of

Hn
0 =

∂V

∂S
, (5.54)

then we may set, at S = Smax (numerically)

Hn
0m(t) =

V n
m(Smax, t)− V n

m(Smax −∆S, t)

∆S
, (5.55)

and so

V n
m(Smax, t) ≈ ∆tH0m(t) + V n

m(Smax −∆S, t) ≈ V n
m(Smax −∆S, t). (5.56)

If as S → ∞, the waiting value V n
m(S, t) is still greater than the investing value

V n
c (S, t), then from equation (5.53) we can conclude that if the project is mothballed

even when S is sufficiently large, then the values can never become zero, because

both Hn
0m and Hn

1m are discounted values from positive values of the next time step.

However, the positive upper boundary does not really affect the abandonment of a

project. Consequently, for an R&D investment project, the key factor that causes

the project to be abandoned is that the project value hits zero or becomes negative.
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Figure 5.15: Optimal abandonment point vs. time step with a time-
independent equation in the waiting phase when π = 2 (a = 1, b = 1)

In order to show under which conditions the R&D investment project should be

abandoned, we will continue to use the parameters from table 5.1 except with different

values of investment cost parameters a and b. We will illustrate that with a larger b,

which is chosen to be unity in this section, the project will be abandoned (here a is

again chosen to be unity). We also discuss the abandonment point at each time step,

by observing the Sa variation with time, where Sa is the first point that the project

value becomes zero.

Figure 5.15 illustrates the variation of the optimal abandonment point with time

assuming a constant technical uncertainty π = 2, in 10 stages with 50 time steps

between each stage, using the time-independent equation for the waiting phase (when

u = 0 in equation (5.14)). In the region above the curve, the project is either invested

in or suspended; in the region below this curve, the project is abandoned. Moreover,

figure (5.16) shows the optimal abandonment point, which is denoted as Sa, with t

for a variable π in a project with 10 stages.

In figures 5.15 and 5.16 we observe large jumps occurring in both abandonment

curves, which illustrates the problem of not having a time variation in the equation
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Figure 5.16: Optimal abandonment point vs. time step with a time-
independent equation in the waiting phase when π is described by equation
(5.3) (a = 1, b = 1)

for the waiting phase and perhaps, gives a hint of the trouble underlying the numer-

ical analysis of Berk et al. (2004), though there is no evidence that they took the

mathematics even this far. Since there is no explicit time variation in the waiting

phase of the HBJ equation in this case, then in calculations we cannot discount the

value of the current time step V n
m(S, t) from V n

m(S, t+∆t) of the next time step when

S →∞. Instead, we have to use the closest point V n
m(S −∆S, t) of the current time

step to replace V n
m(S, t), which could generate errors.

Figures 5.17 and 5.18 illustrate this problem with the temporal variation of values

of V n
c (S, t) and V n

m(S, t) at the upper boundary (Smax = 50). In figure 5.17, we can see

that the investing value V n
c (S, t) is always greater than the waiting value V n

m(S, t).

However, if we go a step further to observe a much smaller region in figure 5.18,

we can clearly see the difference between the V n
c (S, t) curve and the V n

m(S, t) curve.

Also, the V n
m(S, t) curve is not smooth (we can see a number of kinks in the V n

m(S, t)

curve), and is numerically larger than the V n
c (S, t) curve in figure 5.18. In reality,

we cannot conclude in this situation if V n
m(, t) is really greater than V n

c (S, t) in figure
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Figure 5.17: Project value vs. time step with a time-independent equation
in the waiting phase when π = 2 at the upper boundary (a = 1, b = 1)

5.18, because first in this figure, V n
m(S, t) is not the actual waiting value at the upper

boundary (since it is replaced by V n
m(S − ∆S, t)); and second, since in some time

steps in figure 5.18 V n
m(S, t) does hit zero, but in some steps it turns positive, we

doubt that such a time variation may be caused by either the error from the value of

V n
m(S −∆S, t), which is calculated numerically; or the fact that the model which is

time-independent in the waiting phase could not resolve these abandonment problems.

Actually, this kind of erratic behaviour does not just occur at the upper boundary,

it also occurs at a variety of time steps during the R&D process (see figures 5.25 and

5.26). Consequently, the original model with time-independence in the waiting phase

in this section can be inappropriate for evaluating abandonment.

In addition, if we observe the project value against cash flow at the present time

(figures 5.19 and 5.20) and at the time step where project value first hits zero (figures

5.21 and 5.22), we can also see that the project value is highly erratic in figures 5.19

and 5.20, but not in figures 5.21 and 5.22 . If we go a step further to observe a smaller

region of cash flow in figures 5.23 and 5.24, we can see the project value curves are

also smooth and “well behaved”.

Figures 5.25 and 5.26 show cash flow variations with project value at different



CHAPTER 5. VALUATION OF MULTI-STAGE R&D PROJECTS 132

0 0.5 1 1.5 2 2.5 3
0

0.002

0.004

0.006

0.008

0.01

0.012

t

V

Vc(max)
Vm(max)

Figure 5.18: Project value vs. time step with a time-independent equation
in the waiting phase when π = 2 at the upper boundary in a small region
(a = 1, b = 1)

time steps (t = 0, 1, . . . , 9) (time in years), and show that when the project values are

quite close to zero at some time steps (for instance, from the first figure to the fourth

sub-figure in figure 5.25, and from the first to the sixth sub-figure in figure 5.26,

oscillations appear frequently, but for the remainder of the time steps, the project

value curves remain smooth. This kind of behaviour shows very vividly the problem

with the time-independent equations in the waiting phase for treating abandonment.

However, if we increase the resolution of the grid (e.g. doubling the number of time

steps), the oscillations do slowly decrease in magnitude (see figure 5.27 compared to

figure 5.19).

In reality, the erratic behaviour occurring in figures 5.17 and 5.18 is certainly

caused by the condition V n(S, t) = max(V n
c (S, t), V n

m(S, t)) as S → ∞, which takes

the waiting value V n
m (which is evaluated by a time-independent equation), into ac-

count in calculating the values when S →∞, namely, the behaviour is caused by the

time-independent equation. On the other hand, if we follow Berk et al. (2004) using

only the investing equation for evaluating abandonment when S →∞, then we have
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Figure 5.19: Project value vs. cash flow at present (t = 0) with a time-
independent equation for the waiting phase when π = 2 (a = 1, b = 1)
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Figure 5.20: Project value vs. cash flow at present (t = 0) with a time-
independent equation for the waiting phase when π is described by equa-
tion (5.3) (a = 1, b = 1)
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Figure 5.21: Project value vs. cash flow at the time step when project value
first hits zero with a time-independent equation for the waiting phase when
π = 2 (a = 1, b = 1)
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Figure 5.22: Project value vs. cash flow at the time step when project value
first hits zero with a time-independent equation for the waiting phase when
π is described by equation (5.3) (a = 1, b = 1)
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Figure 5.23: Project value vs. cash flow at the time step when project value
first hits zero with a time-independent equation for the waiting phase when
π = 2 in a small region (a = 1, b = 1)
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Figure 5.24: Project value vs. cash flow at the time step when project value
first hits zero with a time-independent equation for the waiting phase when
π is described by equation (5.3) in a small region (a = 1, b = 1)
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Figure 5.25: Cash flow vs. project value in different time steps with a time-
independent equation for the waiting phase when π = 2 (a = 1, b = 1,
t = 0, 1, . . . , 9 years)
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Figure 5.26: Cash flow vs. project value in different time steps with a
time-independent equation for the waiting phase when π is described by
equation (5.3) (a = 1, b = 1, t = 0, 1, . . . , 9 years)
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Figure 5.27: Project value vs. cash flow at present (t = 0) with a time-
independent equation for the waiting phase when π = 2 with 100 time
steps between two stages (a = 1, b = 1)

a time-dependent equation. Furthermore, if we use smaller parameters (for instance,

a = 1 and b = 0.1, as used by Berk et al. (2004), this meets the requirement that the

investing value is always greater when S → ∞), then we can see in figures 5.28 and

5.29 that no oscillations appear. However, we have to take the waiting value V n
m into

account when S → ∞ in extreme examples (large a or b), having a greater waiting

value, which leads to the unacceptable behaviour.

Figure 5.28 shows the optimal abandonment point Sa against each time step (when

a = 1, b = 0.1) using a constant π = 2, and figure 5.29 shows the same curve for a

variable π ( based on equation (5.3)). The large jump in figure 5.29 indicates that

the project should be abandoned unconditionally because the optimal abandonment

point reaches the peak of cash flow during the R&D progress. However, in figure

5.28, the project is only abandoned when the cash flow drops below the Sa curve.

In addition, figures 5.30, 5.31, 5.32 and 5.33 illustrate that the optimal abandon-

ment timing changes with a, b and different technical uncertainty (π = 2 or π as

described by equation (5.3)). In these figures, we denote ta as the first time step
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Figure 5.28: Optimal abandonment point vs. time step with a time-
independent equation for the waiting phase when π = 2 in a small b (a = 1,
b = 0.1)
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Figure 5.29: Optimal abandonment point vs. time step with a time-
independent equation for the waiting phase when π is described by equa-
tion (5.3) in a small b (a = 1, b = 0.1)
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Figure 5.30: First abandonment time step vs. the variable investment cost
parameter (b) with a time-independent equation for the waiting phase
when π = 2 (a = 1)

that the project value hits zero backwards in the ranges b ∈ [0.1, 1] when a = 1

(figures 5.30 and 5.31), and a ∈ [1, 10] when b = 0.1 (figures 5.32 and 5.33). Since

Hn+1
0 (t) increases in time and Hn+1

1 (t) decreases in time, then from equations (5.25)

and (5.26), we can conclude that the project value V n(S, t) at the upper boundary

decreases when b increases (because Hn
0 decreases in this situation), and increases

when a increases (because Hn
1 increases). This is also illustrated in the ta figures

(5.30) and (5.31), (5.32) and (5.33).

5.4.3 Optimal abandonment - the modified HBJ equation

In this section, we will discuss abandonment, with the HBJ having a time-

dependent equation in the waiting phase. However, we have to consider that if we

include explicit time variation in the equation for evaluating the values in the waiting

phase, then we may find that the project value never becomes completely worthless.

Mathematically, this is because for extreme parameters (large a or b), the whole R&D

project may be dominated by the values of the waiting phase, as will be shown later

in this section. Further, since we have added explicit time into the equation for the
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Figure 5.31: First abandonment time step vs. the variable investment cost
parameter (b) with a time-independent equation for the waiting phase
when π is described by equation (5.3) (a = 1)
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Figure 5.32: First abandonment time step vs. the fixed investment cost
parameter (a) with a time-independent equation for the waiting phase
when π = 2 (b = 0.1)
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Figure 5.33: First abandonment time step vs. the fixed investment cost
parameter (a) with a time-independent equation for the waiting phase
when π is described by equation (5.3) (b = 0.1)

waiting phase, then in our calculations, all the project values prior to the comple-

tion are positive because they are calculated using the values of the next time step,

which are all positive. Also, the time-dependent equation in the waiting phase is not

explicitly related to the changeable parameters (such as a or b), so we cannot reach

a zero project value by changing parameters in this case. This also indicates that for

a large a or b, the project may be mothballed all the time during the R&D.

Consequently, as S → ∞, if the value for waiting is greater, then from equation

(5.50), and the time-dependent Bellman equation (5.37), we have

V n
m(Smax, t) = SmaxH

n
0m + Hn

1m. (5.57)

In the case that the project is always mothballed during R&D, we can consider not

abandoning, because investors may think the project will still have some value (the

value of waiting) and could be sold after the project expires, or investors may think

the project could be restarted at some time after the expiry date and extend the

length of the project. Also, we can take into account in this special situation that
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Figure 5.34: Project value vs. Cash flow at present (t = 0) with a time-
dependent equation for the waiting phase when π = 2 in a large b (a = 1,
b = 50)

investors may abandon the whole project because it remains in a waiting state and

without an opportunity to invest during the whole R&D life.

Figure 5.34 shows the values for investing and waiting against cash flow at the

present time in a constant π (π = 2). We can see in this figure that the waiting curve

V n
m is always above the investing curve V n

c for a very large b (a = 1 and b = 50),

with 10 stages and 50 time steps for each stage. Here we use a sufficiently large

value of b in order to show the difference between V n
m and V n

c clearly. Actually, for

comparatively small a and b (such as a = 1 and b = 0.1), the value for waiting

V n
m can dominate the project as well in a time-dependent equation for the waiting

phase, but the difference between V n
m and V n

c is too small to be observed graphically.

Moreover, in figure 5.34 the investing values are (unrealistically) negative in some

sufficient small cash flows in the left hand side region, because large a or b lead Hn
0

to be negative, which causes negative project values. However, in some special cases

(larger a or b), since the waiting value V n
m dominates the project, then the project

value has no chance to reach zero during the R&D.
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Figure 5.35: Project value vs. Cash flow at present (t = 0) with a time-
dependent equation for the waiting phase when π is described by equation
(5.3) in a large b (a = 1, b = 50)

Figure 5.35 shows the values for investing and waiting for valuing cash flow at the

present time for a variable π (using equation (5.3)) when a = 1 and b = 50. Again,

the waiting curve is above the investing curve during the entire R&D process in this

case. Figures 5.36 and 5.37 also illustrate that when S → ∞, the waiting value V n
m

is still greater than the investing value V n
c , which indicates that the investing value

has no chance of taking charge of the investment project in this situation.

Figures 5.38 and 5.39 show cash flow variations with project value at different

times (t = 0, 1, . . . , 9 years of a ten-year project) in the model with a time-dependent

equation for the waiting phase for the two different technical uncertainties (π = 2 or

π is described by equation (5.3)) with a large b (b = 1). We can see that in these

two figures, the value distribution curves are smooth, which suggests the modified

model with time variation in the equation for the waiting phase is more realistic

for evaluating multiple stage R&D projects. Moreover, in figures 5.38 and 5.39, the

project value does not hit zero except at the point when the cash flow hits zero, which

indicates that the waiting phase dominates the whole project and the project cannot
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Figure 5.36: Project value vs. time step with a time-dependent equation
for the waiting phase at the upper boundary when π = 2 in a large b (a = 1,
b = 50)
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Figure 5.37: Project value vs. time step with a time-dependent equation for
the waiting phase at the upper boundary when π is described by equation
(5.3) in a large b (a = 1, b = 50)
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be abandoned on financial grounds.

5.5 Summary

This chapter analyses R&D option valuations using two forms of the Hamilton-

Bellman-Jacobi (HBJ) equation. The model used in this chapter is based on a mul-

tiple stage R&D project, and the valuation of each stage contains two phases, the

investing phase, where a firm puts investment cost into the research of one stage of an

R&D project, and the waiting phase, where the investment environment is not good

enough and the firm waits for a better opportunity to invest. There are four types

of uncertainty in the valuation of R&D: technical uncertainty, cash flow uncertainty,

investment cost uncertainty and learning by doing. Each uncertainty is able to influ-

ence the value of the project, especially the technical uncertainty, which determines

the success of completing a single stage.

This chapter discusses (accurate) numerical valuations based on the two forms of

the HBJ equation, the HBJ equation with no explicit time variation in the waiting

phase (Berk et al. (2004)), and the HBJ equation with explicit time variation in

the waiting phase. The numerical solutions used in this chapter are calculated by

the Crank-Nicolson method coupled with the PSOR iteration method. Moreover,

results on the comparison of the valuations in different forms of the HBJ equation

and different technical uncertainties are also shown in this chapter.

In addition, we discuss abandonment in the same framework of a multiple stage

R&D project. Using empirical experience, Berk et al. (2004) provided a brief special

case on abandonment analytically by assuming the fixed parameter of investment cost

a = 0, which permits great simplification of the governing equation. Meanwhile, we

start the evaluation of abandonment numerically with different investment cost pa-

rameters a and b. We evaluate abandonment with the original time-independent HBJ

equation for the waiting phase (Berk et al. (2004)), and with a time-dependent HBJ

equation for the waiting phase. We show that using a financial definition whereby

the project should be abandoned at the point when the project value hits zero, the

R&D project could possibly be abandoned during the R&D under the original Berk

et al. (2004) model with appropriate parameters, but may not be abandoned under



CHAPTER 5. VALUATION OF MULTI-STAGE R&D PROJECTS 147

0 0.5 1 1.5
0

2

4

V

S

0 0.5 1 1.5
0

2

4

V

S

0 0.5 1 1.5 2
0

2

4

V

S

0 0.5 1 1.5 2 2.5
0

2

4

V
S

0 1 2 3
0

2

4

V

S

0 1 2 3 4
0

2

4

V

S

0 1 2 3 4 5
0

2

4

V

S

0 2 4 6
0

2

4

V

S

0 2 4 6 8
0

2

4

V

S

0 2 4 6 8 10
0

2

4

V

S

Figure 5.38: Cash flow vs. project value in different time steps with a
time-dependent equation for the waiting phase when π = 2 (a = 1, b = 1,
t = 0, 1, . . . , 9 years)
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Figure 5.39: Cash flow vs. project value in different time steps with a time-
dependent equation for the waiting phase when π is described by equation
(5.3) (a = 1, b = 1, t = 0, 1, . . . , 9 years)
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the modified equation, because the waiting phase dominates the whole project, even

when the investment environment is extremely poor.



Chapter 6

Valuation of R&D Ventures in

competition

Since we have discussed the valuation of competition (Chapter 4), and the val-

uation of multi-stage R&D projects (Chapter 5), then the natural extension in this

chapter is to discuss valuations in the framework of competition in a multi-stage R&D

project; the valuations are threefold. The first valuation is based on a model using

a hazard rate of Lambrecht et al. (2003) for the leader in competition; the second

valuation is based on the model of Garlappi (2004) using technical uncertainty (Berk

et al. (2004)) as the interactive factor between two competitive firms; and the third

valuation is a model based on a combination of the previous two models.

A number of articles have focused on this area. Reinganum (1982) used a game

theoretic analysis to develop a model of optimal resource allocation to R&D in a

multi-firm competition framework. Fudenberg, Gilbert, Stiglitz and Tirole (1983),

Gruver (1991), Miltersen and Schwartz (2002) and Ishibashi and Matsumura (2005)

analysed an R&D project on patent race using game theory. Gans and Stern (2000)

analysed the relationship between incumbency and R&D incentives by developing

a model of technological competition. Syneonidis (2000) examined the impact of

price competition on R&D expenditure and market structure. Weeds (2002) anal-

ysed competition in irreversible R&D investment projects with uncertain returns.

Gersbach and Schmutzler (2003) analysed endogenous technological spillovers in a

150
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game framework. Choi (2002) developed an incomplete contract model of the licens-

ing relationship on R&D competition. Bucci (2003) developed an R&D-based growth

model to evaluate the long-run consequences of imperfect competition with human

capital accumulation. Garlappi (2004) analysed the impact of competition of R&D

ventures in a patent race in a two-firm framework, and Matsubara (2005) developed

a model of R&D competition between domestic and foreign firms.

The first model in this chapter utilises the two-firm competition framework of

Lambrecht et al. (2003) for the valuation of competition on R&D projects. This

framework is limited and the model just measures the threat from the rival using a

hazard rate in the situation where both firms are waiting. In the situation when at

least one firm invests, this model uses the time-dependent HBJ equation to evaluate

both firms.

The second model is based on the time-independent competitive model of Garlappi

(2004), which just measures competition in the situation when at least one firm invests

relatively using the technical uncertainty as the interactive factor. In the region

when both firms are mothballed, this model uses the Bellman equation without time

variation (4.2) to calculate the values of both firms.

The third model, which is developed here, is a combined model synthesizing the

advantages of the above two models. This model measures the fear of preemption

from the follower everywhere in the entire R&D project for the leader, and measures

the fear of preemption interactively for both firms when they both invest and in the

R&D progress. The valuation equations used in this model are fully time-dependent

in all the regions.

This chapter is organised as follows. Section 6.1 reviews the literature on R&D

options valuation, real options valuation in competition and R&D options valuation

in competition, which are related to the modelling and evaluation of this chapter.

Section 6.2, 6.3 and 6.4 calculate the values of R&D option in competition under the

broad framework of Berk, Green and Naik (2004). In particular, section 6.2 evaluates

competition using the model of Lambrecht and Perraudin (2003), and section 6.3 uses

the model of Garlappi (2004). Section 6.4 develops the valuation by using a combined

model. Finally, section 6.5 summarises the results of this chapter.
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6.1 Related literature

Garlappi (2004) analysed the impact of competition on the risk premia of R&D

ventures engaged in a multiple stage patent race with technical and market uncer-

tainty. He solved the problem in closed-form for the case of a two-stage race in

continuous time, modelling the patent race as a stochastic, non-cooperative game

with technical and systematic uncertainty. He also derived a relative measure of the

riskiness of a venture during the race, and analysed its dynamics in different stages of

development as well as within different industry structures. Garlappi (2004) gave two

particular forms of the HBJ equation for two competitive firms with relative parame-

ters from each other in this article, which evaluate the values and precise investment

times for both firms.

As for most competitive models, Garlappi (2004) defined the two competitive

firms as the leader and follower but, unlike other valuations, he calculated the values

of the two competitive firms not separately but interactively. He evaluated the values

of the two firms by two forms of the HBJ equation, which are similar to the HBJ

equation in Berk et al. (2004) (which has been introduced in Chapter 5), but with

additional terms that model the technical uncertainty of rivals, when one firm or both

firms invest, and allowed these related equations to decide the leader and the follower

by different levels of free boundaries. Interestingly, the forms of the HBJ equation

that Garlappi (2004) used are different from that in Berk et al (2004), that is, there is

even no time variation in either of the phases (investing or waiting). However, in this

chapter, the values will be evaluated by modified equations with full time variation.

6.2 Evaluating competition in R&D under the frame-

work of Lambrecht et al. (2003)

Lambrecht and Perraudin (2003) introduced a two-firm competition scenario into

options valuation under incomplete information, which is based on Dixit and Pindyck’s

(1994) real option model based on the Bellman equation, without time variation.

They also developed a competitive model, in which the investment decision of a firm

is threatened by preemption, and introduced a hazard rate, which causes a firm to
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invest earlier to gain a monopoly position, into the valuation of the leader. In this

section, we will develop the competitive model of Lambrecht et al. (2003) into a

multiple stage R&D project valuation.

6.2.1 The competitive model

Assume that there are two firms, A and B, competing for a multi-stage project.

The first firm to complete the project will gain patent protection on the production

and win a monopoly position in the future market. The only benefit, cash flow, will

be received by the winning firm at the end of the competition. The uncertain cash

flow stream for both firm A and firm B, S(t), under the risk-neutral measure, is

modelled by a standard geometric Brownian motion (5.10).

When a firm decides to continue its research to the next stage, an investment

cost, I, must be paid for the salaries of the scientists and engineers as well as for the

cost of equipment and market research. The investment cost is parameterized into

both a fixed and a variable component, a and b respectively, as in equation (5.7).

Once an investment is made by firm A or B, the probability that in the next

stage the firm will succeed is πAdt or πBdt respectively. Here πA and πB are called

the technical uncertainties as defined by Berk et al. (2004), which could either be

constants or functions of completed stages n and cumulative time t spent in research

and development.

Lambrecht and Perraudin (2003) state that fear of preemption could influence

the investment decision of each firm, meaning that each firm will receive pressure

generated by a hazard rate α from the rival. Consequently, the leader which wins the

first move advantage, will invest at a lower trigger point, and the follower, which loses

the competition at the beginning of the project, will invest at its normal trigger point.

In R&D options, the hazard rate α could be related to the technical uncertainty π

(i.e. πA and πB) when both firms wait before investing because of the two following

reasons.

• From the definition of the two notations

The technical uncertainty π is a measure of the probability that in the next

instant the firm will complete the current stage. The larger π is for one firm,
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the more likely the firm will progress to the next stage, in other words, the more

the pressure that will be placed onto its rival. The hazard rate α is a measure of

the threat of preemption (Lambrecht et al. (2003)), and can also be regarded as

the pressure placed on its rival that makes the rival fear preemption and invest

earlier. As a result, at the beginning of each stage, the technical uncertainty π

for a competitive firm, which is regarded as the hazard rate in this case, puts a

threat on its rival.

• From the value of the two notations

The value of the technical uncertainty π is either a constant or a function

(taken here to be (5.3)), consisting of the completed stage number n and the

cumulative amount of time to this stage t, for every single stage; the value of π

is a positive real number. In the Pareto distribution, we have the hazard rate

α > 0.

In this chapter, we will use the technical uncertainty π instead of α as the hazard

rate when evaluating a two-firm competition R&D project.1

6.2.2 Valuation

Partial Differential Equations

Assuming that firm B completes the project first, then firm B becomes the leader

and firm A becomes the follower. Let V n
A and V n

B be the values of firm A and firm B

both at stage n. For firm A, being the follower, no preemption threat from the rival

could affect the valuation, according to the competition model of Lambrecht et al.

(2003) and the R&D valuation model of Berk et al. (2004), the value V n
A satisfies the

(time-dependent) HBJ equation





∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A + πA

(
V n+1

A − V n
A

)

−a− bS = 0, S ≥ S∗A(t)

∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A = 0, S < S∗A(t)

(6.1)

1In reality, the technical uncertainty π and the hazard rate α are related, and the relationship
between them could be defined as α = ωπ, where ω is a constant weight, for simplicity, we use ω = 1
in the remaining sections; this leads to π = α.
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where S∗A(t) is the critical point between investing and waiting for firm A, and πA

and πB are the respectively technical uncertainties for firm A and firm B.

Since firm B is the leader, the threat from the rival, which is expressed by the

hazard rate πA, could affect the value of the project, then firm B satisfies the following

(time-dependent) equation





∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

−a− bS = 0, S ≥ S∗B(t)

∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B −
[
r̂ + 1

2
σ2π2

A

+πA

√(
1
2
σ2 − µ̂

)2
+ 2σ2r̂

]
V n

B = 0, S < S∗B(t)

(6.2)

where S∗B(t) is the critical point between investing and waiting for firm B. The equa-

tion when S < S∗B(t) in (6.2) is in the form of equation (4.39) in Chapter 4 for

evaluating the value of the leader in competition.

Comparing equation (6.1) with equation (6.2), the difference between the valu-

ations of firm A and firm B is the equations when both firms wait. For firm B, in

order to avoid the preemption of firm A, the hazard rate πA from firm A is added into

the equation2 so that the free boundary is reduced in order to obtain a first mover

advantage. Firm A, having lost the competition, will wait and not invest until it hits

the normal trigger value.

Boundary conditions

When all stages are completed, both firms have a standard solution for the final

condition, that is

VA(S, T ) =
S

r̂ − µ̂
, (6.3)

and

VB(S, T ) =
S

r̂ − µ̂
. (6.4)

2The equation with hazard rate πA is derived from the valuation equation for the leader when it
waits to invest in equation (4.39), which is generated by Itô’s lemma from Bellman equation (Dixit
and Pindyck (1994)) including a hazard rate.
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The boundary conditions for both firms are as follows

V n
A (0, t) = 0, (6.5)

V n
B (0, t) = 0, (6.6)

together with the value-matching conditions

V n
A (S = S∗A(t)+) = V n

A (S = S∗A(t)−); (6.7)

V n
B (S = S∗B(t)+) = V n

B (S = S∗B(t)−); (6.8)

and the smooth-pasting conditions

∂

∂S
V n

A (S = S∗A(t)+) =
∂

∂S
V n

A (S = S∗A(t)−), (6.9)

∂

∂S
V n

B (S = S∗B(t)+) =
∂

∂S
V n

B (S = S∗B(t)−), (6.10)

where S∗A(t)+ and S∗B(t)+ are the values of free boundary calculated in the investing

phase, and S∗A(t)− and S∗B(t)− are the values calculated in the waiting phase.

In the limit of S →∞, we have

lim
S→∞

V n
A (S, t) = O(S), (6.11)

and

lim
S→∞

V n
B (S, t) = O(S), (6.12)

which gives the following forms as S →∞

V n
A (S, t) → SHn

0A(t) + Hn
1A(t), (6.13)

and

V n
B (S, t) → SHn

0B(t) + Hn
1B(t), (6.14)

where Hn
0A(t), Hn

1A(t), Hn
0b(t) and Hn

1B(t) can be obtained by putting the forms (6.13)



CHAPTER 6. VALUATION OF R&D VENTURES IN COMPETITION 157

and (6.14) into the investing equations of (6.1) and (6.2), then we have

µ̂Hn
0A(t)− r̂Hn

0A(t) + πA(n, t)[Hn+1
0A −Hn

0A] +
d

dt
Hn

0A(t)− b = 0, (6.15)

−r̂Hn
1A(t) + πA(n, t)[Hn+1

1A −Hn
1A(t)]− d

dt
Hn

1A(t)− a = 0, (6.16)

and

µ̂Hn
0B(t)− r̂Hn

0B(t) + πB(n, t)[Hn+1
0B −Hn

0B] +
d

dt
Hn

0B(t)− b = 0, (6.17)

−r̂Hn
1B(t) + πB(n, t)[Hn+1

1B −Hn
1B(t)]− d

dt
Hn

1B(t)− a = 0. (6.18)

At the completion stage, we have

Hn
0A(T ) =

1

r̂ − µ̂
, (6.19)

Hn
1A(T ) = 0, (6.20)

and

Hn
0B(T ) =

1

r̂ − µ̂
, (6.21)

Hn
1B(T ) = 0. (6.22)

The values of V n
A and V n

B in equations (6.1) and (6.2) are evaluated by the Crank-

Nicolson method/PSOR method 3 in the form of equation (3.44).

3Since we add new notations k and k + 1 into the subscript of V , the notations n and n + 1 are
put into the brackets in the calculations using the Crank-Nicolsion/PSOR method in this chapter.
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For the investing phase of firm A

1

2
σ2S2 × 1

2

[VA(S + ∆S, t + ∆t, n)− 2VA(S, t + ∆t, n) + VA(S −∆S, t + ∆t, n)

(∆S)2

+
V k

A (S + ∆S, t, n)− 2V k+1
A (S, t, n) + V k+1

A (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VA(S + ∆S, t + ∆t, n)− VA(S −∆S, t + ∆t, n)

2∆S

+
V k

A (S + ∆S, t, n)− V k+1
A (S −∆S, t, n)

2∆S

]

− (r̂ + πA)× 1

2

[
VA(S, t + ∆t, n) + V k+1

A (S, t)
]

+ πAVA(n + 1) +
VA(S, t + ∆t, n)− V k+1

A (S, t, n)

∆t
− a− bS = 0,

(6.23)

where k and k+1 represent the k-th and k+1-th iteration used by the PSOR method

in the calculations.

For the waiting phase of firm A

VA(S, t + ∆t, n)− V k+1
A (S, t, n)

∆t

+
1

2
S2σ2 × 1

2

[VA(S + ∆S, t + ∆t, n)− 2VA(S, t + ∆t, n) + VA(S −∆S, t + ∆t, n)

(∆S)2

+
V k

A (S + ∆S, t, n)− 2V k+1
A (S, t, n) + V k+1

A (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VA(S + ∆S, t + ∆t, n))− VA(S −∆S, t + ∆t, n))

2∆S

+
V k

A (S + ∆S, t, n)− V k+1
A (S −∆S, t, n)

2∆S

]

− r̂ × 1

2

[
VA(S, t + ∆t, n) + V k+1

A (S, t, n)
]

= 0.

(6.24)
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For the investing phase of firm B

1

2
σ2S2 × 1

2

[VB(S + ∆S, t + ∆t, n)− 2VB(S, t + ∆t, n) + VB(S −∆S, t + ∆t, n)

(∆S)2

+
V k

B(S + ∆S, t, n)− 2V k+1
B (S, t, n) + V k+1

B (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VB(S + ∆S, t + ∆t, n)− VB(S −∆S, t + ∆t, n)

2∆S

+
V k

B(S + ∆S, t, n)− V k+1
B (S −∆S, t, n)

2∆S

]

− (r̂ + πB)× 1

2

[
VB(S, t + ∆t, n) + V k+1

B (S, t, n)
]

+ πBVB(n + 1) +
VB(S, t + ∆t, n)− V k+1

B (S, t, n)

∆t
− a− bS = 0.

(6.25)

For the waiting phase of firm B

VB(S, t + ∆t, n)− V k+1
B (S, t, n)

∆t

+
1

2
S2σ2 × 1

2

[VB(S + ∆S, t + ∆t, n)− 2VB(S, t + ∆t, n) + VB(S −∆S, t + ∆t, n)

(∆S)2

+
V k

B(S + ∆S, t, n)− 2V k+1
B (S, t, n) + V k+1

B (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VB(S + ∆S, t + ∆t, n))− VB(S −∆S, t + ∆t, n))

2∆S

+
V k

B(S + ∆S, t, n)− V k+1
B (S −∆S, t, n)

2∆S

]
−

[
r̂ +

1

2
σ2π2

A

+ πA

√(
1

2
σ2 − µ̂

)2

+ 2σ2r̂
]
× 1

2

[
VB(S, t + ∆t, n) + V k+1

B (S, t, n)
]

= 0.

(6.26)

6.2.3 Numerical Examples

Parameters

To illustrate the results of project values for both firms, we use the parameters

described in table 5.1. Time is measured in years, the length of the whole project is

assumed to be 2.5 years, and the time interval between each stage is three months.

We consider an R&D project that requires ten stages to be completed. The measure

of technical uncertainty πA and πB are given by πA = πB = 2 or by the function

(5.3), where α1 and α2 are also given in table 5.1. The number of time steps between
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 11.8088 12.7308 0.9220
10 25.2773 26.0047 0.7274
15 38.7458 39.4579 0.7121
20 52.2144 52.9567 0.7423

Table 6.1: Values of two competitive firms in different cash flows when
πA = πB = 2 under the framework of Lambrecht et al. (2003)

two stages is set to be 50, and so ∆t = 0.005 years.

Values of the two competitive firms when πA and πB are constants (πA =

πB = 2)

Table 6.1 shows the values of the two competitive firms at different levels of cash

flow with the same constant technical uncertainty (πA = πB = 2). Table 6.1 also

shows the distances of values between the leader and the follower in different cash

flows. We can also observe from table 6.1 that the difference between the two firms

decreases when the cash flow increases. In this table, the values of the leader are

always less than the values of the follower. It is because that the leader invests

earlier at a much lower trigger level, then the profit of the leader should be less than

the follower, which invests at a higher trigger level.

Figure 6.1 illustrates the variation of project value with cash flow when πA =

πB = 2. The dotted curve represents the value of the leader, and the line curve

represents the value of the follower. Since the leader requires a first move advantage,

it will invest at a lower trigger point. This helps the leader win the competition but

also makes the leader lose some benefit because of investing much earlier at a lower

trigger point. Even though the leader gains less income in the competition, it can

still benefit from a higher share of the market, and a certain monopoly position in

the future.

Figure 6.2 shows the location of the free boundary at various stages when πA =

πB = 2. We can see in figure 6.2 that at each stage, the value of the free boundary of

the leader is lower than the value of the free boundary of the follower. This indicates

that one of the two competitive firms is continuously the leader at every stage.
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Figure 6.1: Project value vs. cash flow at present in a two-firm competition
when πA = πB = 2 under the framework of Lambrecht et al. (2003)

0 1 2 3 4 5 6 7 8 9
0

1

2

3

4

5

6

stage

fre
e 

bo
un

da
ry

Follower
Leader

Figure 6.2: Free boundary vs. stage in a two-firm competition when πA =
πB = 2 under the framework of Lambrecht et al. (2003)
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 12.8666 13.3504 0.4838
10 27.2174 27.5931 0.3757
15 41.5682 41.9391 0.3709
20 55.9190 56.3078 0.3888

Table 6.2: Values of two competitive firms in different cash flows when πA

and πB are described by equation (5.3) under the framework of Lambrecht
et al. (2003)

Values of two competitive firms when πA and πB are described by equation

(5.3)

Table 6.2 shows the values of the two competitive firms for different levels of cash

flow at the same variable technical uncertainty when πA and πB are described by

equation (5.3).

Figure 6.3 illustrates project values with cash flow and figure 6.4 shows the lo-

cation of the free boundary with stage when πA and πB are described by equation

(5.3). Since the technical uncertainties πA and πB both increase with stage and time,

the project values for both firms are greater than those with constant technical un-

certainties in figure 6.1, and the levels of the free boundary in figure (6.4) are lower

than those in figure 6.2.

The crossover point of the two curves in figure 6.3 implies that in the range

prior to this point, the leader invests first and will earn a monopoly position in the

future market, because in this range there exists at least one stage where the leader

invests before the follower and will finish the project ahead of the follower. Further in

the range after the crossover point, both firms invest together and will gain duopoly

positions, because the cash flow level is sufficient for both firms to invest immediately

at the beginning of every stage, and under the same parameters, the firms will finish

simultaneously.
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Figure 6.3: Project value vs. cash flow at present in a two-firm competition
when πA and πB are described by equation (5.3) under the framework of
Lambrecht et al. (2003)
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Figure 6.4: Free boundary vs. stage in a two-firm competition when πA and
πB are described by equation (5.3) under the framework of Lambrecht et
al. (2003)
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6.3 Evaluating competition in R&D under the frame-

work of Garlappi (2004)

Garlappi (2004) analysed the impact of competition of R&D ventures engaged in

a multiple stage project with technical and market uncertainty, and he followed Berk

et al. (2004) in the scenario of R&D ventures with several uncertain resources. He

also introduced a two-firm competition race model in continuous time with a form of

time-independent HBJ equation (in both the investing phase and the waiting phase),

which leads to analytical solutions. He calculated the valuations of the leader and the

follower relatively using two ordinary differential equations. In this section, we will

develop modified equations with time variation, extending the framework of Garlappi

(2004), in both the investing and waiting phase to evaluate a two-firm competition

in R&D ventures.

6.3.1 The time-independent model of Garlappi (2004)

In this section, two competitive firms A and B again follow the geometric Brownian

motion (5.10), and firms will give up investment costs (5.7) when they decide to

continue with the current research phase.

In the valuation of Garlappi (2004), it is assumed that firm B is the leader and

firm A is the follower, and since there is no time variation, the values V n
A and V n

B

must satisfy the following two ordinary differential equations

1

2
S2σ2 d2

dS2
V n

A + µ̂S
d

dS
V n

A − r̂V n
A

+ uA

[
πA(V n+1

A − V n
A )− a− bS

]
+ u∗B

[
πA(V n+1

A − V n
A )

]
= 0,

(6.27)

1

2
S2σ2 d2

dS2
V n

B + µ̂S
d

dS
V n

B − r̂V n
B

+ uB

[
πB(V n+1

B − V n
B )− a− bS

]
+ u∗A

[
πB(V n+1

B − V n
B )

]
= 0,

(6.28)

where the investment strategies (u∗A, u∗B) can be described by the thresholds S∗A(n)
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and S∗B(n) such that

(u∗A, u∗B) =





(1, 1) S > S∗A(n) and S > S∗B(n),

(1, 0) S > S∗A(n) and S < S∗B(n),

(0, 1) S < S∗A(n) and S > S∗B(n),

(0, 0) S < S∗A(n) and S < S∗B(n).

(6.29)

Equations (6.27) and (6.28) are determined by using (6.29) when the cash flow

S reaches different thresholds S∗A(n) and S∗B(n). These three equations can also be

combined in the following forms:

For firm A (the follower)





1
2
S2σ2 d2

dS2 V
n
A + µ̂S d

dS
V n

A − r̂V n
A + πA

(
V n+1

A − V n
A

)

+πB

(
V n+1

A − V n
A

)− a− bS = 0, S ≥ S∗A(n)

1
2
S2σ2 d2

dS2 V
n
A + µ̂S d

dS
V n

A − r̂V n
A + πB

(
V n+1

A − V n
A

)
= 0, S∗B(n) ≤ S < S∗A(n)

1
2
S2σ2 d2

dS2 V
n
A + µ̂S d

dS
V n

A − r̂V n
A = 0, S < S∗B(n)

(6.30)

and for firm B (the leader)





1
2
S2σ2 d2

dS2 V
n
B + µ̂S d

dS
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

+πA

(
V n+1

B − V n
B

)− a− bS = 0, S ≥ S∗A(n)

1
2
S2σ2 d2

dS2 V
n
B + µ̂S d

dS
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

−a− bS = 0, S∗B(n) ≤ S < S∗A(n)

1
2
S2σ2 d2

dS2 V
n
B + µ̂S d

dS
V n

B − r̂V n
B = 0. S < S∗B(n)

(6.31)

All the equations in (6.30) and (6.31) are ordinary differential equations (being

time-independent). Although these equations can be solved by analytical solutions,

they are not realistic for solving real (investment) options. As we have discussed in

Chapter 4, the perpetual type options which are solved by ordinary differential equa-

tions cannot evaluate the effect of different expiry dates. Especially in R&D options

valuation, different stages may have different periods, and clearly it is not possible
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to model these by ordinary differential equations, which suggests time-dependent

equations should be used in this situation.

6.3.2 The modified time-dependent model

Since time variation must be included into the equations evaluating the values

of two competitive firms, we use Itô’s lemma to expand the ordinary differential

equations in the model of Garlappi (2004).

Assuming firm B to be the leader and firm A to be the follower, the values V n
A and

V n
B before completion must satisfy the following equations, which are derived from

equations (6.30) and (6.31) with time variation in both phases.

For firm A (the follower)





∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A + πA

(
V n+1

A − V n
A

)

+πB

(
V n+1

A − V n
A

)− a− bS = 0, S ≥ S∗A(t)

∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A + πB

(
V n+1

A − V n
A

)
= 0, S∗B(t) ≤ S < S∗A(t)

∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A = 0, S < S∗B(t)

(6.32)

and for firm B (the leader)





∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

+πA

(
V n+1

B − V n
B

)− a− bS = 0, S ≥ S∗A(t)

∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

−a− bS = 0, S∗B(t) ≤ S < S∗A(t)

∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B = 0. S < S∗B(t)

(6.33)

Since firm B is the leader and firm A is the follower, the trigger (free boundary)

to invest for firm A, S∗A(t), should always be greater than the trigger (free boundary)

to invest for firm B, S∗B(t). The free boundary S∗A(t) is determined by the first two

equations in (6.32), and the free boundary S∗B(t) for firm B is determined by the last

two equations in (6.33).

Equations (6.32) and (6.33) illustrate exactly how competition works for both
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firms. When S ≥ S∗A(t), both firms invest, so both firms give up investments I =

a+ bS and are under the threat of the rival and receive hazard rates πA and πB from

the other firm. When S is above the leader’s free boundary (S∗B(t)) and below the

follower’s free boundary (S∗A(t)), firm A does not invest, but firm B invests, this gives

firm A a threat of hazard rate πB. Firm B gives up an investment a + bS and enters

the next R&D stage, but since firm A waits, firm B does not under the pressure of

competition and does not receive the hazard rate πA. When S < S∗B(t), both firms

are mothballed, no investment needs to be given up and no hazard rate should be

received for both firms.

Boundary conditions

The two competitive firms have the same boundary conditions in section 6.2 (equa-

tions (6.3)-(6.22)). Since the investing equations as in (6.32) and (6.33) are the

same as those in equations (6.1) and (6.2), then we have the same Hn
0A(t), Hn

1A(t),

Hn
0b(t) and Hn

1B(t) as those in equations (6.15), (6.16), (6.17) and (6.18) applicable

as S →∞.

The values for both firm A and firm B are also evaluated by the Crank-Nicolson

method combined with the PSOR method.

For firm A, when S ≥ S∗A(t), we have the following equation determining V k+1
A (S, t, n)

1

2
σ2S2 × 1

2

[VA(S + ∆S, t + ∆t, n)− 2VA(S, t + ∆t, n) + VA(S −∆S, t + ∆t, n)

(∆S)2

+
V k

A (S + ∆S, t, n)− 2V k+1
A (S, t, n) + V k+1

A (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VA(S + ∆S, t + ∆t, n)− VA(S −∆S, t + ∆t, n)

2∆S

+
V k

A (S + ∆S, t, n)− V k+1
A (S −∆S, t, n)

2∆S

]

− (r̂ + πA + πB)× 1

2

[
VA(S, t + ∆t, n) + V k+1

A (S, t, n)
]

+ (πA + πB)VA(n + 1) +
VA(S, t + ∆t, n)− V k+1

A (S, t, n)

∆t
− a− bS = 0,

(6.34)

where k and k+1 represent the k-th and k+1-th iteration used by the PSOR method

in the calculations.
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When S∗B(t) ≤ S < S∗A(t), we have

1

2
σ2S2 × 1

2

[VA(S + ∆S, t + ∆t, n)− 2VA(S, t + ∆t, n) + VA(S −∆S, t + ∆t, n)

(∆S)2

+
V k

A (S + ∆S, t, n)− 2V k+1
A (S, t, n) + V k+1

A (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VA(S + ∆S, t + ∆t, n)− VA(S −∆S, t + ∆t, n)

2∆S

+
V k

A (S + ∆S, t, n)− V k+1
A (S −∆S, t, n)

2∆S

]

− (r̂ + πB)× 1

2

[
VA(S, t + ∆t, n) + V k+1

A (S, t, n)
]

+ πBV n+1
A +

VA(S, t + ∆t, n)− V k+1
A (S, t, n)

∆t
= 0,

(6.35)

and when S < S∗B(t), since the equations are the same as the waiting equation in

equation (6.1), then the solutions are the same as equations (6.24).

For firm B, when S ≥ S∗A(t), we have

1

2
σ2S2 × 1

2

[VB(S + ∆S, t + ∆t, n)− 2VB(S, t + ∆t, n) + VB(S −∆S, t + ∆t, n)

(∆S)2

+
V k

B(S + ∆S, t, n)− 2V k+1
B (S, t, n) + V k+1

B (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VB(S + ∆S, t + ∆t, n)− VB(S −∆S, t + ∆t, n)

2∆S

+
V k

B(S + ∆S, t, n)− V k+1
B (S −∆S, t, n)

2∆S

]

− (r̂ + πA + πB)× 1

2

[
VB(S, t + ∆t, n) + V k+1

B (S, t, n)
]

+ (πA + πB)VB(n + 1) +
VB(S, t + ∆t, n)− V k+1

B (S, t, n)

∆t
− a− bS = 0,

(6.36)

when S∗B(t) ≤ S < S∗A(t), since the equations are the same as the investing equation

in equation (6.2), then the solutions are the same as equations (6.25); and when
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 13.3668 13.3672 0.0004
10 28.3281 28.3294 0.0011
15 43.2563 43.2575 0.0012
20 58.1685 58.1697 0.0012

Table 6.3: Values of two competitive firms in different cash flows when
πA = πB = 2 under the framework of Garlappi (2004)

S < S∗B(t), we have

VB(S, t + ∆t, n)− V k+1
B (S, t, n)

∆t

+
1

2
S2σ2 × 1

2

[VB(S + ∆S, t + ∆t, n)− 2VB(S, t + ∆t, n) + VB(S −∆S, t + ∆t, n)

(∆S)2

+
V k

B(S + ∆S, t, n)− 2V k+1
B (S, t, n) + V k+1

B (S −∆S, t, n)

(∆S)2

]

+ µ̂S × 1

2

[VB(S + ∆S, t + ∆t, n))− VB(S −∆S, t + ∆t, n))

2∆S

+
V k

B(S + ∆S, t, n)− V k+1
B (S −∆S, t, n)

2∆S

]

− r̂ × 1

2

[
VB(S, t + ∆t, n) + V k+1

B (S, t, n)
]

= 0.

(6.37)

6.3.3 Numerical Examples

Parameters

We will again use the parameters described in table 5.1 to calculate project values

and free boundaries for the two competitive firms. We also consider an R&D project

which has 10 stages to be completed within 2.5 years, each stage lasting for three

months. We evaluate options values and free boundaries for both firms when in

different types of πA and πB (πA = πB = 2 or πA and πB are described by equation

(5.3)).
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Figure 6.5: Project value vs. cash flow at present in a two-firm competition
when πA = πB = 2 under the framework of Garlappi (2004)

Values of two competitive firms when πA and πB are constants (πA = πB = 2)

Table 6.3 shows the values of the two competitive firms for different levels of cash

flows in the same constant technical uncertainty (πA = πB = 2).

Figure 6.5 shows project value against cash flow. The values shown by the two

curves for both firms are very close, which indicates a difficulty while evaluating under

the framework of Garlappi (2004). In equations (6.32) and (6.33), we can see that

under the same parameters, the only different equations which evaluate the values

for firm A and firm B are those when S∗B(t) ≤ S < S∗A(t), and even in these two

equations, the (slight) difference is that the leader, firm B, invests and gives up an

investment of a + bS, but the follower, firm A does not. With the same parameters,

the advantage for the leader by investing earlier at a lower trigger value, may be

weakened under the valuation method of Garlappi (2004), because the investment

cost is not such a significant factor that can influence the trigger value uniquely for

the leader. From table 6.3 we can also see that the differences between the leader

and the follower are very small indeed, at different levels of cash flows.
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Figure 6.6: Free boundary vs. stage in a two-firm competition when πA =
πB = 2 under the framework of Garlappi (2004)

Figure 6.6 shows that under the same parameters, the location of the free bound-

ary for the follower can even be lower than the one for the leader at some separate

stages. This is because in the model of Garlappi (2004), when both firms are moth-

balled, no firm competes for the first mover position to the next stage, and neither

firm is the leader or the follower, and both firms have the opportunity to invest

first. This type of non-competing status in the waiting phase is obviously unrealistic

and clearly will not happen in the real competitive world. Hence, it is important to

improve the model of Garlappi (2004), as will be discussed in section 6.4.

Values of two competitive firms when πA and πB are described by equation

(5.3)

Table 6.4 shows the values of the two competitive firms in different levels of cash

flows at the same variable technical uncertainty (described by equation (5.3)).

Figure 6.7 shows project value variations with cash flow and figure 6.8 shows free

boundary locations with stage. The situation does not change when πA and πB are

variable, the two value curves are still close and the follower can still be in front of the
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Figure 6.7: Project value vs. cash flow at present in a two-firm competition
when πA and πB are described by equation (5.3) under the framework of
Garlappi (2004)

0 1 2 3 4 5 6 7 8 9
1

1.5

2

2.5

3

3.5

4

4.5

stage

fre
e 

bo
un

da
ry

Follower
Leader

Figure 6.8: Free boundary vs. stage in a two-firm competition when πA

and πB are described by equation (5.3) under the framework of Garlappi
(2004)
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 14.9845 14.9866 0.0019
10 30.2753 30.2766 0.0013
15 47.4295 47.4308 0.0013
20 63.6269 63.6285 0.0016

Table 6.4: Values of two competitive firms in different cash flows when πA

and πB are described by equation (5.3) under the framework of Garlappi
(2004)

leader at some stages. The difference in values between the leader and the follower

are still very small as shown in table 6.4, regardless of the value of πA and πB.

6.4 Evaluating competition in R&D in a combined

model

Now we have developed two different types of models based on PDEs in this

chapter, each model has certain disadvantages in valuation. In the previous section,

we have pointed out one disadvantage of the model of Garlappi (2004). In this

section, we will further assess the disadvantages of the two competitive models, and

will develop a new combined (improved) model.

6.4.1 The disadvantages of the two competitive models

The disadvantages of the model under the framework of Lambrecht et al.

(2003)

In section 6.2, we described a model in which the leader in the competition fears

the preemption of the rival when both firms do not invest. When both firms are in

the waiting phase, the leader is afraid of the threat of the follower and sets its trigger

at a much lower level to obtain the competitive advantage. However, when one of

the firms or both firms invest, no firm fears the threat from the investing phase of

the rival. This works quite well for a basic real option model, because when one of

the firms or both firms invest, they just give up investments and receive cash flows.
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For an R&D ventures model, the valuation becomes much more complicated.

First, it is a multiple stage model, so each firm should compete at each stage of the

project. Second, when a firm invests, the value is evaluated by the time-dependent

HBJ equation, which is a PDE in S and t, and does not have a single solution

(i.e. S − I). Third, in the time-dependent HBJ equation, there exists a technical

uncertainty π which measures the success of the current stage, and could be used

to replace the hazard rate α in R&D ventures. In other words, since the technical

uncertainty determines the probability to the next stage for both firms, the firms are

still under pressure even when they are investing at every stage. Consequently when

a firm invests, the technical uncertainty still gives the rival a threat whether it invests

or not.

Generally speaking, an active firm gives a firm, whether active or idle, competitive

pressures at every stage in R&D ventures. Consequently, the primary disadvantage

of the model of Lambrecht et al. (2003) is that the model cannot measure the threat

from a firm’s rival in the investing phase of an R&D project.

The disadvantage of the model under the framework of Garlappi (2004)

In section 6.3, we can see that in the phase when one firm or both firms invest,

apparently when the cash flow S is above the leader’s free boundary S∗B(t), active

firms give either active or idle firm threats from the technical uncertainties πA and

πB. However, in the waiting phase for both firms, when S is below the leader’s free

boundary S∗B(t), for firm A

∂

∂t
V n

A +
1

2
S2σ2∂2V n

A

∂S2
+ µ̂S

∂

∂S
V n

A − r̂V n
A = 0, (6.38)

and for firm B
∂

∂t
V n

B +
1

2
S2σ2 ∂2

∂S2
V n

B + µ̂S
∂

∂S
V n

B − r̂V n
B = 0, (6.39)

and the above two equations show no competition in the waiting phase.

Realistically, the two firms should compete at every time and everywhere in the

project. Especially in the waiting phase for both firms, the preemption from the

follower poses a huge threat to the leader. If the leader does not set the trigger much
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lower, it could give the follower the opportunity to invest earlier and gain a monopoly

position in the future market. So as a leader, under the pressure of competition, the

firm should still receive a hazard rate π from its rival while both firms are in the

waiting phase.

Generally speaking, an active firm could give an idle firm competitive pressures

at each stage in R&D ventures. The main disadvantage therefore of the model of

Garlappi (2004) is that the model does not measure the threat from the follower to

the leader in the waiting phase.

6.4.2 The combined model

Partial differential equations

Assuming firm B be the leader and firm A be the follower, the values V n
A and V n

B

before completion must satisfy the following HBJ type equations with time variation,

which combine the advantages of the previous two competitive models.

For firm A (the follower)





∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A + πA

(
V n+1

A − V n
A

)

+πB

(
V n+1

A − V n
A

)− a− bS = 0, S ≥ S∗A(t)

∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A + πB

(
V n+1

A − V n
A

)
= 0, S∗B(t) ≤ S < S∗A(t)

∂
∂t

V n
A + 1

2
S2σ2 ∂2

∂S2 V
n
A + µ̂S ∂

∂S
V n

A − r̂V n
A = 0, S < S∗B(t)

(6.40)

and for firm B (the leader)





∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

+πA

(
V n+1

B − V n
B

)− a− bS = 0, S ≥ S∗A(t)

∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B − r̂V n
B + πB

(
V n+1

B − V n
B

)

−a− bS = 0, S∗B(t) ≤ S < S∗A(t)

∂
∂t

V n
B + 1

2
S2σ2 ∂2

∂S2 V
n
B + µ̂S ∂

∂S
V n

B −
[
r̂ + 1

2
σ2π2

A

+πA

√(
1
2
σ2 − µ̂

)2
+ 2σ2r̂

]
V n

A = 0. S < S∗B(t)

(6.41)
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 12.2526 14.2990 2.0464
10 27.4782 28.9771 1.4989
15 42.5355 43.8472 1.3117
20 57.4688 58.7636 1.2948

Table 6.5: Values of two competitive firms in different cash flows when
πa = πB = 2 under a combined model

Equations (6.40) and (6.41) illustrate how competition affects the follower and

the leader in both investing and waiting phases. When both firms invest, each firm

fears the preemption that comes from the technical uncertainty which could lead its

rival to the next stage earlier, this gives each firm a threat of πA and πB. When only

one firm invests, the leader gives the follower a threat of first mover advantage πB.

When both firms are mothballed, the pressure of preemption that comes from the

hazard rate πA makes the leader decrease the level of the trigger, this also guarantees

the leader to invest as the first mover.

Boundary conditions

The final condition and boundary conditions are the same as those in equations

(6.3)-(6.22). For firm A, the numerical solutions using the Crank-Nicolson method

combined with the PSOR method for equation (6.40) are applied to equations (6.34),

(6.35) and (6.24). For firm B, the solutions are based on equations (6.36), (6.37) and

(6.26).

6.4.3 Numerical Examples

The parameters used in the numerical analysis are described in table 5.1, and the

project requires 10 stages to be completed in 2.5 years, and 50 steps between every

two stages; the time interval between two stages is three months.
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Figure 6.9: Project value vs. cash flow at present in a two-firm competition
when πa = πB = 2 under a combined model

Values of two competitive firms when πA and πB are constant (πA = πB = 2)

Table 6.5 shows the values of the two competitive firms in different levels of cash

flows when the technical uncertainties are constants (πA = πB = 2).

Figure 6.9 illustrates project value variations with cash flow and figure 6.10 shows

the location of the free boundary with stage. Comparing these two figures with figures

6.1 and 6.2 in section 6.2, and figures 6.5 and 6.6 in section 6.3, the free boundary

variation with stage figure does not change markedly, but the project value variation

with cash flow figure does change significantly. Competing at any time and anywhere

makes the project values for both firms (figure 6.9) lower than competing just in the

investing phase (figure 6.5) or in the waiting phase (figure 6.1). This also shows that

competition reduces the benefits for both competitors. Especially in the situation

when the location of the free boundary for both firms does not change exceptionally,

fear of preemption as the leader in both investing and waiting phases (figure 6.9)

leads to lower profits than fear of preemption, just in the investing phase (figure 6.5)

or in the waiting phase (figure 6.1).

Moreover, we can see in table 6.5 that the differences between the values of the
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Figure 6.10: Free boundary vs. stage in a two-firm competition when πa =
πB = 2 under a combined model

leader and of the follower, which only fears the competition when the leader invests

or both firm invest, are much larger. In other words, the leader in this combined

model has a larger advantage over the follower. Particularly, if we compare table 6.5

with table 6.3, we can see that the differences between VB and VA are far larger in

table 6.5, which shows the combined model predicts a clearer difference between the

leader and the follower.

Comparing with the project values in figures 6.1 and 6.9, the crossover point in

figure 6.9 is higher than that in figure 6.1, which also indicates that in the combined

model, the range that the leader invests ahead of the follower is wider than the range

in the model under the framework of Lambrecht et al. (2003). In other words, the

leader gains advantage in the combined model.

Values of two competitive firms when πA and πB are described by equation

(5.3)

Table 6.6 shows the values of the two competitive firms in different levels of cash

flows at the same variable technical uncertainty.
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Cash flow Value of the Value of the VA − VB

(S) leader (VB) follower (VA)
5 14.3251 15.3973 1.0722
10 30.8910 31.4826 0.5916
15 47.1431 47.6671 0.5240
20 63.3452 63.8688 0.5236

Table 6.6: Values of two competitive firms in different cash flows when πA

and πB are described by equation (5.3) under a combined model

Figures 6.11 and 6.12 illustrate project values variations with cash flow and free

boundary vs. stage in a combined model. Compared with figures 6.3, 6.4, 6.7 and 6.8,

the differences of the project values and free boundaries between the two competitive

firms in figures 6.11 and 6.12 are also increased when πA and πB are described by

(5.3) in this combined model.

6.5 Summary

This chapter discusses three different types of valuations describing a multi-stage

R&D project in a two-firm competition framework using time-dependent HBJ equa-

tion. The first valuation is based on the framework of Lambrecht and Perraudin

(2003), which provides a hazard rate for the leader to measure the fear of preemp-

tion from its rival in competition, and treats two competitive firms separatively. The

second valuation is based on the model of Garlappi (2004), which evaluates the two

competitive firms using the technical uncertainty as the interactive factor. The third

valuation, which is developed by us, is based on a combined model of Lambrecht et

al. (2003) and Garlappi (2004), which is more realistic in evaluation competition in

R&D.

This chapter assesses the disadvantages of the first two competitive models. The

model under the framework of Lambrecht et al. (2003) does not measure competition

when one firm is active or both firms are active. On the other hand, the model under

the framework of Garlappi (2004) does not have a proper measure on competition

when both firms are mothballed. Hence, a combined model, which measures compe-

tition throughout the entire R&D progress, is developed integrating the advantages
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Figure 6.11: Project value vs. cash flow at present in a two-firm competition
when πA and πB are described by equation (5.3) under a combined model
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and πB are described by equation (5.3) under a combined model



CHAPTER 6. VALUATION OF R&D VENTURES IN COMPETITION 181

of the two previous, imperfect models.



Chapter 7

Conclusions

Valuations involving non-traded underlying assets have often been based on the

Bellman model (1957), which is useful in treating uncertainty in investments and

research and development (R&D). As used by most the researchers, the Bellman

equation ignores explicit time variation, and this may cause valuation problems in

evaluating investment projects. For example, the time-independent equation has the

limitations in treating projects with different expiry dates (Chapter 4), and can lead

to unrealistic, “unstable” results in evaluating boundary conditions in abandonment

(Chapter 5). Therefore, this thesis has developed fully time-dependent equations,

based on the Bellman equation and the HBJ equation, in investment, competition

and R&D.

7.1 Summary

Chapter 2 briefly reviews the financial models and valuation techniques for the

valuations of real (investment) options, R&D options and competition. The financial

models, which are used in the research over the past four decades, are mainly based

on the Bellman model and its derivations.

Chapter 3 describes two efficient numerical methods for calculating values of dif-

ferent types of investment projects. The QUAD method (Andricopoulos et al. (2003,

2004)), which requires only one time step between observations, is faster and more

accurate, but less convenient to apply in complex equations. On the other hand, the

Crank-Nicolson method (Crank and Nicolson (1947)), which uses approximations to

182
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replace partial differential derivatives, is easier to be implemented for solving compli-

cated equations, especially when coupled with the PSOR iteration method to treat

early exercise (free boundaries).

Chapter 4 develops a time-dependent model for investment projects in a two-firm

competition framework. This model is based on the competitive model developed by

Lambrecht and Perraudin (2003) with a hazard rate measuring the fear of preemption.

In this model, the optimal investment timing for both the leader, which wins the

competition, and the follower are decided by the valuation equations directly. The

numerical solutions in this chapter are obtained using a form of the QUAD method.

Chapter 5 develops a time-dependent model for multi-stage R&D projects. The

R&D project contains two phases, the phase for continuing investing and the phase

for mothballing the project. The model in this chapter is based on that developed

by Berk et al. (2004), which is time-dependent in the investing phase, but time-

independent in the waiting phase, with a technical uncertainty measuring the success

of completing a single stage. In this chapter, the HBJ equation is used to evaluate

the values of the R&D project at each stage, which takes the value at the next stage

into account in the calculation. In addition, we also discuss abandonment when the

investment environment is extremely adverse for R&D. We show the calculations

yield unreliable results when using time-independent equations in the waiting phase

in the valuation of abandonment, leading to unrealistic solution oscillations.

Chapter 6 first considers two imperfect models, one under the framework of Lam-

brecht et al. (2003) which has limitations evaluating competition in the investing

phase, and the other under the framework of Garlappi (2004) which has limitations

evaluating competition in the waiting phase. Subsequently, we develop a combined

model using the positive aspects of the two previous models. This model measures

competition interactively using technical uncertainty when at least one firm invests,

and measures competition using the uncertainty, in addition to the hazard rate when

both firms are mothballed.
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7.2 Implications

In this thesis, we have developed valuation models with complete and full time

variation, which allows us to evaluate investment projects more realistically. In re-

cent studies of the valuations of investment projects in economics, time variation has

generally been ignored. Dixit and Pindyck (1994) regarded investment projects as

perpetual options described by analytical solutions, and Lambrecht and Perrraudin

(2003) also treated these perpetually in competition. This has been useful in provid-

ing “economic insight” in early work, and is easy in analytic calculation. However, in

the real world, in an investment project on natural resources such as oil exploitation,

for example (Trigeogis (1996)), when it has to be decided whether to invest or not in

a project before its contract expires, it is not realistic to ignore time variations. In

this thesis, we have shown the implications of fully time-dependent equations used in

the valuations of investment projects. Results have illustrated clearly the advantages

time-dependent formulations have on an investment project valuation.

Moreover, the combined competitive model with hazard rate and time variation as

developed in this thesis is a superior model for evaluating competition in multi-stage

R&D projects, compared with that proposed by Garlappi (2004). The combined

model measures the competition in regions where both firms are active, one firm is

active and both firms are idle interactively using hazard rate. This model can be

utilised to help investors decide when to invest as a first-mover in the future market

in a multi-stage project.

7.3 Further research

There still exist a number of possible and important extensions and problems that

require to be resolved in the area considered in this thesis.

The first is to extend the two-firm competition framework into a multi-firm com-

petition framework. A small number of articles have considered this aspect very

briefly (i.e. Fudenberg et al. (1983)). However, a multi-firm competition framework

is far more complicated and relies heavily on mathematics, especially game theory.
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The model should consider the potential threat from every single rival in a compet-

itive race, and for a multi-stage project, the preemption from the rivals should be

taken into account in both the investing phase and the waiting phase at each stage.

In addition, the number of investing firms could significantly affect the waiting firms,

because the more firms invest, the less market share will be left for the waiting firms.

In other words, the optimal investment trigger for each firm should change together

with the number of investing firms, which is difficult to model.

Second, we could evaluate a multi-stage R&D project with stages of different

length. We have used the same length for each stage in evaluation for simplicity in

Chapter 5. However, in the real world, the length of each stage must be different

because the research in each phase is certainly different. In order to do so, we need

to know more details regarding a particular R&D project, for instance, the number

(and quality) of scientists involved in the research, to determine the length of stages.

Finally, it is important to consider abandonment in a two-firm or even multi-

firm competition framework. We have found that under an extremely unfavourable

investment environment, the investment project should be abandoned, but have not

taken into account any competition. However, the abandonment valuation under

competition is also complex. When competitive firms encounter a poor investment

environment, they may not consider abandonment of the project because they are

competing for a first mover position. However, it is unclear how to make investors

decide when to invest and when to abandon in this situation. This problem requires

a valuation equation derived from an entirely new competitive model.



Bibliography

Andricopoulos, Ari D., Newton, David P., Duck, Peter W. and Widdicks, Mar-

tin (2003), “Universal option valuation using quadrature methods”, Journal of

Financial Economics, Vol. 67, Issue 3, March, 447-471

Andricopoulos, Ari D., Widdicks, Martin, Duck, Peter W. and Newton, David

P. (2004), “Corrigendum to Universal option valuation using quadrature meth-

ods”, Journal of Financial Economics, Vol. 73, Issue 3, September, 603

Bellman, Richard (1957), “Dynamic Programming”, Princeton University Press

Bengtsson, Jens and Olhager, Jan (2002), “Valuation of Product-Mix Flexibil-

ity Using Real Options”, International Journal of Production Economics, Vol.

78, 13-28

Berk, Jonathan B., Green, Richard C. and Naik, Vasant (1999), “Valuation

and Return Dynamics of New Ventures”, Working Paper, National Bureau of

Economic Research

Berk, Jonathan B., Green, Richard C. and Naik, Vasant (2004), “Valuation and

Return Dynamics of New Ventures”, The Review of Financial Studies, Vol. 17,

No. 1, Spring, 1-35

Black, Fischer and Scholes, Myron (1973), “The Pricing of Options and Cor-

porate Liabilities”, Journal of Political Economy, Vol. 81, 637-654

Boyer, Marcel, Lasserre, Pierre, Mariotti, Thomas and Moreaux, Michael

(2004), “Preemption and Rent Dissipation uner price Competition”, Interna-

tional Journal of Industrial Organization, Vol. 22, 309-328

186



BIBLIOGRAPHY 187

Brach, Marion A. and Paxson, Dean A. (2001), “A Gene to Drug Venture:

Poisson Options Analysis”, R&D Management, Vol. 31, No. 2, 203-214

Brennan, Michael J. and Schwartz, Eduardo S. (1985), “Evaluating Natural

Resource Investments”, Journal of Business, Vol. 58, No. 2, 135-153

Bucci, Alberto (2003), “R&D, Imperfect Competition and Growth with Human

Capital Accumulation”, Scottish Journal of Political Economy, Vol. 50, No. 4,

417-439

Cassimon, D., Engelen, P. J., Thomassen, L. and Van Wouwe, M. (2004), “The

Valuation of a NDA Using a 6-fold Compound Option”, Research Policy, Vol.

33, 44-51

Childs, Paul D. and Triantis, Alexander J. (1999), “Dynamic R&D Investment

Policies”, Management Science, Vol. 45, No. 10, October, 1359-1377

Choi, Jay Pil (2003), “A Dynamic Analysis of Licensing: The Boomerang Ef-

fect and Grant-Back Clauses”, International Economic Review, Vol. 43, No. 3,

803-829

Cockburn, Iain and Henderson, Rebecca (1994), “Racing To Invest? The Dy-

namics of Competition in Ethical Drug Discovery”, Journal of Economics &

Management Strategy, Vol. 3, Issue 3, 481-519

Cortazar, Gonzalo, Gravet, Miguel and Urzua, Jorge (2006), “The Valuation of

Multidimensional American Real Options Using the LSM Simulation Method”,

Computer & Operations Research, forthcoming

Crank, J. and Nicolson, P. (1947), “A Practical Method for Numerical Eval-

uation of Solutions of Partial Differential Equations of the Heat-conduction

Type”, Advances in Computational Mathematics, Vol. 6, 207-226

Cvsa, Viswanath and Gilbert, Stephen M. (2002), “Strategic Commitment Ver-

sus Postponement in a Two-tier Supply Chain”, European Journal of Opera-

tional Research, Vol. 141, 526-543



BIBLIOGRAPHY 188

Davis, Graham A. and Owens, Brandon (2003), “Optimizing the Level of Re-

newable Electric R&D Expenditures Using Real Options Analysis”, Energy

Policy, Vol. 31, 1589-1608

Dixit, Avinash (1989), “Entry and Exit Decisions under Uncertainty”, The

Journal of Political Economy, Vol. 97, No. 3, 620-638

Dixit, Avinash and Pindyck, Robert S. (1994), “Investment under Uncer-

tainty”, Princeton University Press

Doctor, R. N., Newton, D. P. and Pearson, A. (2001), “Managing Uncertainty

in Research and Development”, Technovation, Vol. 21, 79-90

Dutta, Prajit K. (1997), “Optimal Management of an R&D Budget”, Journal

of Economic Dynamics and Control, Vol. 21, 575-602

Fudenberg, Drew and Tirole, Jean (1986), “A theory of Exit in Duopoly”,

Econometrica, Vol. 54, 943-960

Fudenberg, Drew, Gilbert, Richard, Stiglitz, Joseph and Tirole, Jean (1983),

“Preemption, Leapfrogging and Competition in Patent Races”, European Eco-

nomic Review, Vol. 22, 3-31

Gans, Joshua S. and Stern, Scott (2000), “Incumbency and R&D Incentives:

Licensing the Gale of Creative Destruction”, Journal of Economics & Manage-

ment Strategy, Vol. 9, No. 4, Winter, 485-511

Garlappi, Lorenzo (2004), “Risk Premia and Preemption in R&D Ventures”,

Journal of Financial and Quantitative Analysis, Vol. 39, No. 4, December, 843-

872

Gersbach, Hans and Schmutzler, Armin (2003), “Endogenous Technological

Spillovers: Causes and Consequences”, Journal of Economics & Management

Strategy, Vol. 12, No. 2, Summer, 179-205

Grabowski, Henry G. and Vernon, John M. (1990), “A New Look at the Re-

turns and Risks to Pharmaceutical R&D”, Management Science, Vol. 36, No.

7, 804-821



BIBLIOGRAPHY 189

Grabowski, Henry G. and Vernon, John M. (1994), “Returns to R&D on New

Drug Introductions in the 1980s”, Journal of Health Economics, Vol. 13, 383-

406

Grenadier, Steven R. (1996), “The Strategic Exercise of Options: Development

Cascades and Overbuilding in Real Estate Markets”, The Journal of Finance,

Vol. LI, No. 5, December, 1653-1679

Grenadier, Steven R. (1999), “Information Revelation Through Option Exer-

cise”, The Review of Financial Studies, Vol. 12, No. 1, Spring, 95-129

Grenadier, Steven R. (2002), “Option Exercise Games: An Application to the

Equilibrium Investment Strategies of Firms”, The Review of Financial Studies,

Vol. 15, No. 3, Summer, 691-721

Gruver, Gene W. (1991), “Optimal R&D Policy for a Patent Race with Uncer-

tain Duration”, Mathematical Social Science, Vol. 22, 69-85

Hamilton, William R. (1833), “On A General Method in Dynamics”, Philo-

sophical Transactions of the Royal Society of London, Part 2, 247-308

Harris, Christopher and Vickers, John (1985), “Perfect Equilibrium in a Model

of a Race”, Review of Economic Studies, Vol. LII, 193-209

Hartmann, Marcus and Hassan, Ali (2006), “Application of Real Options Anal-

ysis for Pharmaceutical R&D Project Valuation: Empirical Results from a Sur-

vey”, Research Policy, forthcoming

Huchzermeier, Arnd and Loch, Christoph H. (2001), “Project Management Un-

der Risk: Using the Real Options Approach to Evaluate Flexibility in R&D”,

Management Science, Vol. 47, No. 1, 85-101

Hull, John C. (2006), “Options, Futures and Other Derivatives”, Sixth Edition,

Prentice Hall International Editions

Ishibashi, Ikuo and Matsumura, Toshihiro (2005), “R&D Competition between

Public and Private Sectors”, European Economic Review, forthcoming



BIBLIOGRAPHY 190

Isik, Murat, Coble, Keith H., Hudson, Darren and House, Kisa O. (2003),

“A Model of Entry-Exit Decisions and Capacity Choice under Demand Uncer-

tainty”, Agricultural Economics, Vol. 28, 215-224

Jacob, William F. and Kwak, Young H. (2003), “In Search of Innovative Tech-

niques to Evaluate Pharmaceutical R&D Projects”, Technovation, Vol. 23, 291-

296

Jensen, Kield and Warren, Paul (2001), “The use of options theory to value

research in the service sector”, R&D Management, Vol. 31, No. 2, 173-180

Keppo, Jussi and Lu, Hao (2003), “Real Options and a Large Producer: The

Case of Electricity Markets”, Energy Economics, Vol. 25, 459-472

Kulatilaka, Nalin and Perotti, Enrico C. (1998), “Strategic Growth Options”,

Management Science, Vol. 44, No. 8, August, 1021-1031

Lambrecht, Bart and Perraudin, William (2003), “Real Options and Preemp-

tion under Incomplete Information”, Journal of Economic Dynamics & Control,

Vol. 27, 619-643

LaValle, Steven M. (2006), “Planning Algorithms”, Cambridge University Press

Leahy, John V. (1993), “Investment in Competitive Equilibrium: The Opti-

mality of Myopic Behavior”, The Quarterly Journal of Economics, November,

1106-1133

Lee, Jongwoo and Paxson, Dean A. (2001), “Valuation of R&D Real American

Sequential Exchange Options”, R&D Management, Vol. 31, No. 2, 191-201

Lewis, Neal, Enke, David and Spurlock, David (2004), “Valuation for the

Strategic Management of Research and Development Projects: The Deferral

Option”, Engineering Management Journal, Vol. 16, No. 4, 36-48

Lieberman, Marvin B. and Montgomery, David B. (1988), “First-Mover Ad-

vantages”, Strategic Management Journal, Vol. 9, 41-58



BIBLIOGRAPHY 191

Lint, Onno and Pennings, Enrico (1997), “The Option Value of Advanced

R&D”, European Journal of Operational Research, Vol. 103, No. 1, 83-94

Lint, Onno and Pennings, Enrico (1998), “R&D as an Option on Market Intro-

duction”, R&D Management, Vol. 28, No. 4, 279-287

Lint, Onno and Pennings, Enrico (2001), “An Option Approach to the New

Product Development Process: A Case Study at Philips Electronics”, R&D

Management, Vol. 31, No. 2, 163-172

Loch, Christoph H. and Bode-Greuel Kerstin (2001), “Evaluating Growth Op-

tions as Sources of Value for Pharmaceutical Research Projects” R&D Man-

agement, Vol. 31, No. 2, 231-248

Longstaff, Francis A. and Schwartz, Eduardo S. (2001), “Valuing American

Options by Simulation: A Simple Least-Squares Approach”, The Review of Fi-

nancial Studies, Vol. 14, No. 1, Spring, 113-147

Majd, Saman and Pindyck, Robert S. (1987), “Time to Build, Option Value,

and Investment Decisions”, Journal of Financial Economics, Vol. 18, 7-27

Martzoukos, Spiros H. and Trigeorgis, Lenos (2002), “Real (Investment) Op-

tions with Multiple Types of Rare Events”, European Journal of Operational

Research , Vol. 136, No. 3, 696-706

Matsubara, Kiyoshi (2005), “Import Penetration and Domestic Process Inno-

vation”, Review of International Economics, Vol. 13, No. 4, 646-658

McDonald, Robert and Siegel, Daniel (1986), “The Value of Waiting to Invest”,

The Quarterly Journal of Economics, November, 708-727

Merton, Robert C. (1973), “An Intertemporal Capital Asset Pricing Model”,

Econometrica, Vol. 41, No. 5, September, 867-887

Miltersen, Kristian R. and Schwartz, Eduardo S. (2002), “R&D Investments

with Competitive Interactions”, Working Paper, December, National Bureau

of Economic Research



BIBLIOGRAPHY 192

Morellec, Erwan and Zhdanov, Alexei (2005), “The Dynamics of Mergers and

Acquisitions”, Journal of Financial Economics, Vol. 77, 649-672

Myers, S. C. and Howe, C. D. (1997), “A Life-Cycle Model of Pharmaceutical

R&D”, Working Paper, MIT

Nembhard, Harriet Black, Shi, Leyuan and Park, Chan S. (2000), “Real Option

Models for Managing Manufacturing System Changes in the New Economy”,

The Engineering Economist, Vol. 45, No. 3, 232-258

Newton, David, P. and Pearson, A. (1994), “Application of Option Pricing

Theory to R&D”, R&D Management, Vol. 24, No. 1, 83-89

Odening, Martin, Musshoff, Oliver and Balmann, Alfons (2005), “Investment

Decisions in Hog Finishing: An Application of the Real Options Approach”,

Agricultural Economics, Vol. 32, 47-60

Ottoo, Richard E. (1998), “Valuation of Internal Growth Opportunities: The

Case of a Biotechnology Company”, The Quarterly Review of Economics and

Finance, Vol. 38, Special Issue, 615-633

Paddock, James L., Siegel, Daniel R. and Smith, James L. (1988), “Option

Valuation of Claims on Real Assets: The Case of Offshore Petroleum Leases”,

The Quarterly Journal of Economics, August, 479-508

Pakes, Ariel (1986), “Patents as Options: Some Estimates of The Value of

Holding European Patent Stocks”, Econometrica, Vol. 54, No. 4, 755-784

Panayi, Sylvia and Trigeorgis, Lenos (1998), “Multi-stage Real Options: The

Cases of Information Technology Infrastructure and International Bank Expan-

sion”, The Quarterly Review of Economics and Finance, Vol. 38, Special Issue,

675-692

Paxson, Dean and Pinto, Helena (2003), “Competition Games in Duopoly

Settings with Two Stochastic Factors”, Working Paper, Manchester Business

School, February 2003

Pennings, Enrico and Lint Onno (1997), “The Option Value of Advanced



BIBLIOGRAPHY 193

R&D”, European Journal of Operational Research, Vol. 103, 83-94

Pindyck, Robert S. (1993), “Investments of Uncertain Cost”, Journal of Finan-

cial Economics, Vol. 34, No. 1, 53-76

Posner, M. J. M. and Zuckerman, D. (1990), “Optimal R&D Programs in a

Random Environment”, Journal of Applied Probability, Vol. 27, 343-350

Quigg, Laura (1993) “Empirical Testing of Real Option-Pricing Models”, The

Journal of Finance, Vol. XLVIII, No. 2, 621-640

Reinganum, Jennifer F. (1982), “A Dynamic Game of R and D: Patent Protec-

tion and Competitive Behavior”, Econometrica, Vol. 50, No. 3, May, 671-688

Schwartz, Eduardo S. (2004), “Patent and R&D as Real Options”, Review of

Banking, Finance and Monetary Economics, Vol. 33, 23-54

Schwartz, Eduardo S. and Moon, (1994), “Evaluating Research and Develop-

ment Investments”, Working Paper, The John E. Anderson Graduate School,

UCLA

Schwartz, Eduardo S. and Zozaya-Gorostiza, Carlos (2000), “Evaluating In-

vestments in Disruptive Technologies”, Working Paper, May, John E. Anderson

Graduate School, UCLA

Siddiqui, Afzal S., Marnay, Chris and Wiser, Ryan H. (2006), “Real Options

Valuation of US Federal Renewable Energy Research, Development, Demon-

stration, and Deployment”, Energy Policy, forthcoming

Smit, Han T. J. and Trigeorgis, Lenos (2006), “Real Options and Games: Com-

petition, Alliances and Other Applications of Valuation and Strategy”, Review

of Financial Economics, forthcoming

Spatt, Chester S. and Sterbenz, Frederic P. (1985), “Learning, Preemption,

and the Degree of rivalry”, Rand Journal of Economics, Vol. 16, No. 1, Spring,

84-92

Symeonidis, George (2000), “Price Competition, Non-Price Competition and



BIBLIOGRAPHY 194

Market Structure: Theory and Evidence from the UK”, Economica, Vol. 67,

437-456

Takalo, Tuomas and Kanniainen, Vesa (2000), “Do Patents Slow Down Tech-

nological Progress? Real Options in Research, Patenting, and Market Intro-

duction”, International Journal of Industrial Organization, Vol. 18, 1105-1127

Trigeorgis, Lenos (1996), “Real Options: Managerial Flexibility and Strategy

in Resource Allocation”, The MIT Press

Weeds, Helen (2002), “Strategic Delay in a Real Options Model of R&D Com-

petition”, Review of Economic Studies, Vol. 69, 729-747

Wilmott, Paul, Howison, Sam and Dewynne, Jeff (1999), “The Mathematics of

Financial Derivatives”, Cambridge University Press

Williams, Joseph T. (1993), “Equilibrium and Options on Real Assets”, The

Review of Financial Studies, Vol. 6, No. 4, Winter, 825-850

Worner, Stefan D. and Grupp Hariolf (2003), “The Derivation of R&D Return

Indicators within a Real Options Framework”, R&D Management, Vol. 33, No.

3, 313-325


